ey 
Yaz; 
Te | 


MATHEMATICS MAGAZINE 
Formerly National “Mathematics ‘lagazine, founded by S. T. Sanders. 
EDITORIAL STAFF 


C. K. Robbins 
Nilos Sakellariou 
Joseph Seidlin 


W. F. Byrne 
_ Homer W. Craig 
Maurice Frechet 


RF. F. Horton C. N. Shuster 
D. 4. Hvers C. D. Smith 
Glenn James Marion F. Stark 
N. Norlund V. Thebault 

A. W. Richeson Cc. W. Triee 


S. T. Sanders (emeritus) 
Fxecutive Committee 


C.H.Hvers, University of Southern California. Los Angeles, 7, Calif. 
Glenn James. “lanazing Fditor, 14068 Van Nuys ®lvd., Pacoima, Calrf. 


Adress editorial corresoondence to Glenn James, special papers to 
the editors of the deoartments for which they are intended, and general 
paers to a member of the executive committee. 

_Manuscripts should be tvoed on 8%” x 11” paner. double-spaced with 
1” margins. We prefer that. in technical pavers, the usual intro- 
duction be oreceded bv a Foreword which states 1n simple terms wat 
the paper 1s about. 


The YWathematics Yagazine is published at Pacoima, California by the 
managing editor. bi-monthly except July-August. Ordinary subscriptions 
are lyr. $3.00; 2 yrs. $5.75; 3 yrs. $8.50; 4 yrs. $11.00; 5 yrs. 
$13.00. Sponsoring subscriptions are $10.00; single copies 65¢. e- 
prints. bound, 4¢ per page plus W¢ each, (thus 25 ten page reprints 
would cost $1.25 plus $2.50 or $3.75) provided your order is placed 
before your article goes to press. 


Subscriptions and related correspondence should be sent to Inez James, 
14068 Van Nuys Blvd., Pacoima, California. 

Advertisers should contact The Lees Agencies, P.0. Box 906, Hollywood, 
2%, California. 


Entered as second-class matter March 23, 1948 at the Post Office, 
Pacoima, California under act of Congress of March 8, 1876, 


SPONSORING SUBSCRIBERS 
J. Ginsberg 


Hubert A. Arnold Farl. D. Raanville 


F. F. Reckenbach 
H. W. Recker 
Clifford 
Ravmond Rell 
Frank Boehm 

H. V. Craig 
Joseph W. Creely 
Paul H. Caus 
Alexander Fbin 
Tueodore Fdison 
Henry E, Fettis 
Curtis M. Fulton 


Merton T. Goodricn 
Reino W. 
“4. R, Hestenes 
Robert 8. Herrera 
Tonald H, Hvers 
Glenn James 
Robert C. James 
A. L. Jonnson 
Philio Jordain 
John Kronsbein 
Lillian R. Lieber 
F. A. Petterson 


John Teckzeh 
Francis Regan 
Charles K. Robbins 
L. Pobinson 

S. T; Sanders 


N. Shuster 


H, A, Simmons 
D. Victor Steed 
E.M. Tingley 
Morris FE. Tittle 
H, S. Vandiver 
Alan Wayne 


His 


MATHEMATICS MAGAZINE 
VOL. 29, No. 4, March-April 195% 


CONTENTS 


Svmmetrical Twes of Convex Regions 


Andrew Solezyk 


Tue Coefficients of sini 
L. Carlitz 
"scellaneous Notes 
Farewel ] to 195 ) 
\ Generalization of the S-Starling Namber 
Jerome liines 
Current Pavers and Pooks edited 
H. V. Craig 
Teaching of ‘athematics 
New Meanings for Svmnols 


Louis F. amend. 


Certain Tonics Related to Construction 


With Stratgutedge and Comdas: 
Adrien ‘ess 
Problems and Cuestions, edited 


Robert F. Horton, 


Our Contributors 


The announced paper by a blind boy on 


Without Brail" will appear in the MaveJune issue. 


Editors Vote: 


Several inquires about what constitutes a “popular” article and 
the receipt of several papers Droposed as “popular” that are merely 
repetitions of elementary mathematics, mostly colleviate, prompt me to 
offer a definition of “popular” which at least avalifies articles for 
the MATHEMATICS MAGAZINE. 

A popular mathematics article is one which any intelligent person 
can read understandinelv. This implies that it is free from technical 
symbols. except possillv those that occur in arithmetic. and that 
its statements do not presuppose sdecialization in mathematics or 


any other studies. 


177 
193 
192 
200 
+4 
209 
es 
117 
 , oy 


3 


tee 


Mathematical Analyst Keith Kersery loads jet transport flutter problem into one of 
Lockheed's two 701's. On order: two 704's to help keep Lockheed in forefront of numeri- 
cal analysis and production control data processing. 


704’s and 701’s speed Lockheed 
research in numerical analysis 


With two 701 digital computers already in operation, Lockheed has ordered 
two 704’s to permit greater application of numerical analysis to complex aeronautical 
problems now being approached. Scheduled for delivery early next year, the 704’s 


will replace the 701’s. 


Much of the work scheduled or in progress is classified. However, two features are 
significant to the career-minded Mathematical Analysts: 1) the wide variety of assign- 
ments created by Lockheed’s diversified development program and 2) the advanced 
nature of the work, which falls largely into unexplored areas of numerical analysis. 


Career positions for Mathematical 
Analysts. Lockheed’s expanding develop- 
ment program in nuclear energy, turbo-prop 
and jet transports, radar search planes, ex- 
tremely high-speed aircraft and other clas- 
sified projects has created a number of 
openings for Mathematical Analysts to work 
on the 704’s. 

Lockheed offers you attractive salaries, 
generous travel and moving allowances 
which enable you and your family to move 
to Southern California at virtually no 
expense; and an extremely wide range of 
employe benefits which add approximately 


14% to each engineer's salary in the form 
of insurance, retirement pension, etc. 
Those interested in advanced work in this 


field are invited to write E. W. Des Lauriers, 
Dept. MA-34- 3. 


LOCKHEED 


AIRCRAFT CORPORATION 


CALIFORNIA DIVISION 
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SYMMETRICAL TYPES OF CONVEX REGIONS 


Andrew Sobezyk 


Foreword 


A region © in the plane, or in vector space of any number of di - 
mensions, is convex if whenever P, 0 are points of C, the line segment 
PQ is entirely contained in C. A region S is starlike if there isa 
point © of S, such that for every direction, the intersection with 
S of the ray or half-line from © in the direction 1s either the 
entire ray, a segment with & as one end-point, or only the point ¢ 
(as may be the case 1f © is on the boundary of S). To facilitate 
analytic rather than synthetic study of symmetry, in this paper so- 
called gauge-functions are associated with convex and starlike regions 

For examples, the interior of a triangle is an open convex region; 
the anterior plus the edges and vertices 1s a closed convex region 
The interior of any non-convex quadrilateral, not having intersecting 
sides, 1s a starlike region. The gauge-function for an ellipse C is 
p(x) - [(x,/a,)° + (x,/a,)?)4; C is the set of all points x for 
which p(x) ] 

A plane region R has involutory symmetry in the origin if for 
every point x (x,,x,) of R, the point (-x,,-x,) 1s also a point of 
R, Unlike a circle, ellipse, or parallelogram, a triangle does not 
possess involutory symmetry 1n a pount 

An ellipsoid with two equal semi-axes is generated by rotation of 
an ellipse about the third axis, and therefore has complete rotational 
symmetry about the axis. In this paper, we explore the possible types 
and interrelations of rotational and involutory symmetries which may 
be possessed by regions inn dimensional space 

Plane and solid analytic geometry, elementary group theory, and 
some acquaintance with matrix algebra, or study of reference [2], are 
sufficient for understanding most of the paper. For full appreciation 
of section 2, however, it would be desirable to have a knowledge of 


the elements of tie theory of normed vector spaces. 
1. Introduction 


Section 2 1s devoted to gauge-functions, which are functiong on 


n dimensional vector space to the real half-line |0,%), “closed” or 


“compactified” by addition of an ideal point +*. It is showr that any 
convex or starlike region has an associated gauge-functicn p(x) of 
suitable nature, and conversely. (If the region is open, or if the 
origin 1S interior to the region, the associated gauge- function does 
not assume the value +®,) It 1s proved that any non-negative function 
p(x) which has any two of the properties positive homogeneity, sub- 
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additivity, convexity, must have all three properties, and is the 
gauge -function for a convex region 

In section 3, after recalling for the reader the geometric meaning 
of involutory symmetry in any subspace of o.. 1t is proved that if 
a region C has such symmetry in each of a set of complementary linear 
subspaces of E then C 1s symmetric with respect to the 
origin (that 1s, the gauge-function for C 1s a Winkowski or Banach 
norm on ae Possible regions which have specified sections Cy.6 
in L,,...,L, are discussed; a region C is said to be of standard type 
with respect to L,,...,L,1f the projections of onto by 
coincide respectively with the sections of C in by. ‘lere an 
interesting question 1s the following: Is every convex region C in EB. 
after a suitable translation, of standard type with respect to some 
choice of n one-dimensional subspaces which span (The 
author has presented a preliminary report [3], which includes an 
affirmative partial answer to this question, to the American Mathe - 
matical Society.) It is also shown in section 3, by use of gauge- 
functions, that the origin © is not a boundary point for any convex 
set C which is symmetric in ©, unless C is entirely contained in a 
linear subspace of kn. 

Generation of rotationally symmetric regions 1s discussed in section 
4, and it 1s shown that the gauge-function for any such region may 
be expressed in terms of lower dimensional gauge-functions. Also it 
is proved that if a region C is invariant under any sub-interval of 
rotations, then it 1s invarlant under the rotations of the entire 
interval 0 <¢ <277. 

A region C which has involutory symmetry in complementary linear 
subspaces Liye oby is symmetric in the origin © because the product 
of the corresponding involutions V,,...,V, is the negative identity 
(-I); likewise C has symmetry in 6 if C is invariant under any set 
of transformations whose product is (-/); some facts about possible 
regions C which are invariant under various groups of transformations 
are derived in section 5. In section 6, it is shown that for any 
bounded convex or starlike region C with © in its interior, any 
possible linear transformation T under which C may be invariant is 
such that there exists a choice of basis vectors for E,, with respect 
to which T appears as an orthogonal trans formation. It is also shown 
that if C is any region and T is any non-involutory orthogonal trans - 
formation, tien there exists a region J(C), not essentially diferent 
from C, such that TC equals (J(C), where U is an involution. Finally 
in Section 7, there 1s a discussion of so-called “composite” recions, 
that is, regions which correspond to lower dimensional regions, in an 
analogous way to the correspondence of rotationally symmetric regions 
to lower dimensional spheres. 


SYMMETRICAL TYPES OF CONVEX REGIONS 


2. Gauge-functions 


If x = (x,,...,%,) 1s a point of E., where the coordinates are 
with respect to any particular basis, then for any real r, the multiple 
rx = (rx,,...,rx,) 1s also a point of E,. For any set R of E, we may 
consider the set rR which consists of the multiples r> for all a in. 

For a convex or starlike region 4, located so that the point 
©, contained in or on the boundary of A (in case of convex A, © may 
be any such point), is the origin of a we define a gauge -function 
v(x) on e. to be the infimum (greatest lower bound) of values of 
r>0 for which x is contained in rA; if x is in rA for no positive 
r, we define o(x) = +, If A is unbounded in the direction x, the 
infimum is zero. We define also p(@) = 0 (Compare with [1].) It 
follows immediately from the definition that p(x) is positive homo- 
geneous; that is, that p(ax) = an(x) for all a > 0 (with the under- 
standing that a-(+a) = + for all a > 0) 

If p(x) is the gauge-function for 4, then evidently A contains al] 
points x for which p(x) < 1, and is contained in the set for which 
p(x) <1. If it is desired to consider regions A which do not contain 
all points for which p(x) = 1, let such points which are not in A be 
omitted from the domain of definition of p(x). With this convention, A 
in any case is the set of x for which p(x) < 1. 


Even if no points are omitted from the domain of definition of 
p(x), the set A of all x for which p(x) < 1 may not be closed. This 
is shown by the example p(x) = 0 in an open angular sector of the 
plane, p(¢) = 0, and except at 6, p(x) = +@ outside the sector. 


For the main purposes of tnis paper, there is no loss of generality 
in assuming that the regions A considered are such that no points of 
EY are required to be omitted from the domain of definition of p(x). 
Therefore, throughout the rest of the paper, let it be understood 
that this assumption is made 

REMARK 2.0, If Py and p, are the gauge -fumctions for two starlike 
or convex regions &, S,, then uit follows immediately from the 
definition of gauge-function that S,SS, if and only if p, (x) > 
p,(x) for all x inE. 


Theorem 2.1. Any positive homogeneous, non-negative fumection 
p(x), with p(9) = 0, is the gauge-function for a starlike region A 
with respect to 6, and conversely any starlike region A has an 
associated positive homogeneous function p(x) such that A is the set 
of all x for which p(x) <1 


Proof: The converse has been established above. Let A be the set 
of x for which o(x) < 1. If x #6 and p(x) < 1, then the segment 
{ex}, 0 Se < a, where p(ax) = 1, is contained in A by positive 
homogeneity; in case p(x) = 0, the ray {cx}, 0 S ¢ < w, 1s contained 
in A; therefore A is starlike. 
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A function q(x) on 1s subadditive rf qlat+y) qla)+qly) for 
all x,y in ts let any positive homogeneous, non-negative, subadditive 
function q(x), with q(6) = 0, be called a pseudo-sub-norm; and 
a pseudo -sent-norm in case q(x) < +” for all x in Es Let the prefix 
pseudo- be dropped in case q(x) > O for all x 4 ©. For convex 
regions we hiave the following theorem 


Theorem 2.2. Any pseudo sub-norm q(x) is the gauge -function for 
a convex region C, with the origin & interior to or on the boundary 
of C; and conversely, the gauge function for any convex region C ts 
a pseudo-submorm. A similar statement, with “pseudo-sub-norm” re- 
placed by “pseulo-semi-norm” may be made, in case © ts interior to 
C. In both statements, the prefix “pseudo-" may be dropped in case 
C is bounded (in a Euclidean metric on E_), except that a sub-norm 
q(x) which is not a semt-norm (q(x) +2 “for some x of E,) may cor- 
respond to an unbounded C, 


Proof: We first establish the converse statements, by proving that 
the gauge -function p(x) for C, as defined above, has the required 
properties For © and any x in E_, we have 0(4+x) = p(x) < p(@) + v(x) 
since by definition p(“?) = O. If x,y of E. are both different from 
6, we have the following possible cases: (1) p(x)= ply) = 0; 
(11) +m > p(x) > 0, +0 > ply) > 0; (ria) +0 = D(x), > > 
In case (1), for arbitrarily small €, there exist x',y’ in € such 
that x = ex’, y = ey’, and by convexity of C and positive homogeneity 
of p, we have p(x'+ £1, pla’ + £2, = + y')< 
2e; therefore p(x + y) = 0 S p(x) + ply), and p is subadditive as 
required. In case (11), let p(x) = k, x' x/k, y’ = y/c, where 
c = ply) if ply) > 9; otherwise c may be positive and arbitrarily 
small. Then p(x‘) 1, p(y’) = 1 or O, + + cy'/(k + 
(x + y)/(k +c), and by convexity of © and positive homogeneity of 
p, we have p(kx' + cy')/(k + c) = ol lx + + Or 
p(x + y) S$ k +c. Thus, we have either p(x + y) S plx) + ply), or 
+ y) S$ + ply) +e for arbitrarily small c, and p is sub- 


additive. In case (111), since p is non-negative and in particular 
p(y) -», we have p(x) + +a 2 plx+y),for all x,y an 


If © is interior to C, then every point y #@ of FE, ws of the form 


C; therefore ply) <+, the casea where 


p =+2do not arise, and always , so D 1S a pseudo-semt -norm. 


cx, with ¢ positive and x in 


If € is bounded, then for each y 7 © there will exist a positive r 
such that y 1s not in rC, and the cases where p =" do not occur; 
that 1s, p 1S a sub-norm or semi-norm. 

Verification of the direct statements of the theorem 1s ummedtrate: 
If g(x) is a pseudo-sub-norm, tien the region C defined by q(x) S$ 1 
is convex, and has q‘x) for 1ts gauge-function. For 1f x,y are in C, 
then by positive homogeneity and subadditivity, q[ex + (1 -e)y] < 
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eq(x) + (l-e) qly) £1 for any e in Se £1, since by hypothesis 
q(x) <1, aly) < 1. If glx) is a pseudo-semi-norm, then gla) < + « 
for all x of EF ; that 1s, x 1s 1n 7C for some finite r, and “& mst 
be interior to C 

If q(x) is a seni-norm, q(x) <+® and q(x) > 9 for all x 4 ©. Ihe 
function r(x) = q(x) + ql) has the property r(bx) - 'b| r(x) for 
all real 6, since r(hbx) = qlbx) + q(-bx) r(-bx); therefore r(x) 1s 
a norm. Similarly s(x) max (q(x), q(-x))] 1s a norm. It as well- 
known that any norm on E. as isomorphie with the Fuclidean norm; that 
1s, any norm r(x) 1s bounded and bounded from zero on the Fuclidean 
nit sphere il x || 1. By compactness of the unit sphere, any infinite 
sequence of points on the sphere has a subsecnence {x'} which 1s 
convergent to a point x of the sphere. Assuming that € {x q(x) < 1} 
ts unbounded, that is, that qfx') = 0, we have r(x') q(at) + 
q(-x') + r(x) since r is a norm, or r(a) = q(x) + ql-x)= d =lim q(-x") 


Since by hypothesis q(x) > 0, ql-x) > 0, we have 0 < glx) < d, 
0 < gl-x) < d But since gfx') + 0 and s(x) 1s a norm, 
max | g(xt), lam q(-x") d = s(x) max {q(x), q(-x)}, so 
either q(x) or q(-x) 1s equal to d From the contradiction it fol lows 
that © must be bounded 


kinally, the exception at the end of the statement of Theorer 


2 
2) 


n 
of define q(x)= x,/b, 6 > 0, for x, > 0, ql) = 0, and q(x) =+x 


1s established by the following exanple: For points x (xs, ; 
for x #°, x, <0. Then q 1s subadditive, positive homogeneous, and 
q(x) > 0 for all x 4°; that as, q is a sub-norm, but C = {x qlx) ¢ ]} 
consists of the unbounded slab 0 < x3 h and the boundary point 

\ function q(x), on FE. or a convex subset of ae to the real 
number line compactified by the addition of both and +2, 1s corex 
in case qlex + (1 -e)y) eq(x) + (1-e) qly), for all x,y in E and 
ein 0O< eS 1. If q ais defined only on a convex proper subset of 
e. define q(x) =+ throueh the remainder of Si this does not change 
the convexity of q The set C, of all x for which q(x) <k, for any 
constant k in [-2 »}] as either empty or convex. For if x,y are in 
is in€ 


we have qlex + (1 -e)y] < ek + (l-e)k = k; that is, ex + (1 -edy 
and is convex by definition. Simlarly C, = {x q(x) < } 
is convex. Thus, there 1s associated with every convex function gla), a 
one parameter family of convex sets {C,}, together with a convex set 
Cy which includes C, for every finite k 


If f(t) as any monotone non-decreasing, convex function on (-a,aJ 
y 


to [0,»], for example the exponential function, and if q(x) 1s convex 
on E,, then flq(x)] is convex For we have fiqlex + (1 -e)y)} 
ff{eq(x) + (1 -edqly)} efi q(x)] + -e)f{qly)]. Therefore, to 


every convex function with range in [-»,0], there correspond convex 
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functions with range inl0,2], which have the same associated family 
of convex sets in E 


If p is a convex function with range included in [0,0], then unless 


p(x) =+ for all x in E,, 


there exists a point win, such that 
p(w) < x The convex function r(x) = p(x + w) then has r(?) < @, and 
the associated family of r(x) 1s a translated associated family of 
p(x). In case the infimum h of p is attained at a point of FE, ,this 
point may be taken as w, and r(x) = p(x + w) -h will be a non-negative 
convex function, with r(G) = 0, having essentially the same associated 
one parameter family of convex sets as an arbitrary convex function 
q with range in [ -x0] which attains its infimum. If the arbitrary 
function q does not attain its infimum, then the equivalent (in the 
sens, of having the same associated family) non-negative function r 
must have > 0, and r(x) > 0 for all x in E,, but anf r(x)=0. 

In case r(x) is a gauge -function for a region C, the region 
r(x) Sk, for each k, is similar or homothetic to the region C = 
{x|r(x) < 1}, This is not the case for the family of convex sets 
associated with a general convex function. We have, however, the 
following theorem relating non-negative convex functions with r(“/) = 0, 
and gauge- functions. 


Theorem 2.3. For functions r(x) with domain ©), and range included 
in [0,x], withr(&) = 0, any two of the properties subadditivity, 
positive homogeneity, convexity, imply the third. 


Proof: Suppose first that r(x) 1s positive homogeneous and sub- 
additive. Then respectively by subadditivity and positive homogeneity, 
rfex + (1 -e)y] < rlex) +r[(l1-e)y] = er(x) + (l-e)rly) for 
0<e<£1, so r(x) is convex. 

Suppose r(x) 1s positive homogeneous and convex. Then respectively 
by positive homogeneity and convexity with e = '2, r(x + y)= 
< + = r(x) + rly), so r(x) 1s subadditive. 

Suppose r(x) is subadditive and convex. For b >] between integers 
nandn+1, let =n+d (1 -d)n + d(n +1). Then by sub - 
additivity r(nx) < nr(x), r[(n + 1)x] (n+ 1)rf(x), and by 
convexity r(bx) = r[(1-d)m + d(n + S (1 -d)r(nx) + dr[(n + 1)x]) 
(1 -d)nr(x) + d(n + -d)n + d(n4+1)] r(x) brlx). 
If a = 1/b, y = bx, then by the preceding inequality, rly) < br(y/b), 
[r(y) ] < rly A), or arly) < rlay) for 0 < a< 1. On the other hand, 
r(ay) = r[(1 + ay] (1 -a)r(&) + arly) = arly), by convexity. 
Therefore, r(ay) = ar(y). For 6 > 1, let x = (y/b) = ay; then r(x) = 
(1/b)r(bx), or r(bx) = br(x) for all x in E, and 6 > 1. Therefore 


r(x) 1s positive homogeneous 
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3. Involutory Symmetry in Complementary Subspaces. 


It follows immediately from the definition of gauge-function, that 
a convex or starlike set \ 1s symmetrical in the origin’, af and 
only 1f ats gauge-functidn q(x) lias the property ql-x) = q(x) for 
all x in Ey. Let any gauge-function with the latter property be 
called symmetric. We have the following theorem concerning symmetric 
gange-functions 


Theorem 3.1. A symmetric vseudo-semi-norm p(x) is a pseudo-norm. 
For any symmetric pseulo-sub-norm q(x), wf Lous the smallest linear 
subspace of E, which contains the subset of +, where q(x)<« 
q ts a pseudo-norm on L, and g/x) vw for all x in the set (E, -L). 


then 


Proof: If p(x) 1s a symmetric pseudo-sem -norm, then by hypothesis 


p(-x) = p(x), and for a > 0, p\-ax) ap ( -x) ap(x), so p(x) has 
the property of homogeneity, which is required in order it it be 
a pseudo- norm : 


Let L be the smallest linear subspace which contains the set C - 
{x|q(x) < »} If L contains a one-dimensional subspace E,, then by 


symmetry 1f x 7 ¢ is in C and in E., q(-x) q(x) < », so E, cc. 
If C contains a linear subspace bpl,, of dimension (k -1), and an 
element y not in Ey _j> then by symmetry q(-y) = q(y), and by sub- 
additivity and positive homogeneity, q(x 4+ cy) < q(x) + cq(+ y) for 
any c > and x SO q us finite on the linear subspace 


spanned by &,_, and y. Therefore L = C, and q 1s a pseudo-norm in L. 


Theorem 3.1 suggests the following definition. A convex region 
or set ¥ in E, 1s a convex body, in case the gauge- function q(x) for 
K has the property that C = {x|q(x) < »} 1s not contained in any EY 
for k <n. The geometric meaning of Theorem 3.1 1s that the origin 
1s nota boundary point of any convex body \ which 1s symmetrical in ‘ 

Any transformation ! of E_ onto oF such that '’* = 1, where I is 
the adentity, 1s an tunvolution A region C which 1s invariant under 
an involution ) 7 I will be said to have tnvolutory symmetry. Sym- 
metry 1n the origin “ 1s one type of involutory symmetry; for this 
symmetry = The only anvariant point of = is the origin 
If L as any linear subspace of €.. there exist linear involutions ! 
which have | as a pointwise invariant subspace. For 1f the dimension 
of L is m, suppose that ---, are a basis for 
Eo where %,, ...,%, are chosen to span the subspace L. Then we may 


define by the equation la = x,4,+...+ - x 
nan n 


a 
m+i m+i 


where (x,, edie x) are the coordinates of any point x in ET with 


respect to basis {a } (We may denote the matrix corresponding to 
any linear transformation ! by the same letter |) For the involution 
just defined with respect to basis {a.}, the matrix / has diagonal 


form with Pi oe on the diagonal, where I, denotes the k dimensional 
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identity matrix 
Conversely, we tiave the followine: 


Lemma 3.2. Any linear involution | has a pointwise invariant sub- 
space L, and there exists a choice of basis such that matrix l has 
diagonal form with | 


of 


On the diagonal, where m is the di - 


Proof: The only possible eigenvalues of an involution are +]. For 
it Ux = tx, we have = x = tUx = t© = 1, t =31. From this 
if follows that the basis may be chosen so that matrix ") has super - 
diagonal form (elements below the diagonal are al] zeros) wath Ria 
- T,_,0n the diagonal, where m is the multiplicity of eigenvalue + | 
(See [2].) For example, the matrix // hey has the property / / 
and so defines an involution _ 

To show that the basis may always be chosen so that elements 
above the diavonal, as well as below, are zeros, we introduce 
notion of the two associated projecttons of any involution | 
projection 1s any linear transformation P such that ?* = P; 


"2 = 7) the transformations P 2'' + I) are projections. A pair of 


Ssitace 


subspaces L,, L, of E are complementary subspaces if each x 11 
has a expression in the form x = x,+x., x, nly, x, an 
L 5; uniqueness implies that L, AL, For any projection the 
subspace L, = {x|Px = x} and the null subspace L fy |Py . are 


complementary subspaces, since each x in E_ has the unique expression 


Dy ? P)x, Px in D)x in For + sul)- 
space Ll, is the pointwise invariant subspace of involution |  -f, 
and subspace L, has the property that x, = -x, for all x, onl 


(Accordingly we say that !) 1s an involution in subspace L , through 
subspace L,_) For any involution !, basis {2 } may always be chosen 


so that %,, ..., span L,, and , % span for this 
choice, matrix !’ has the required form. (If an element u,, above the 
diagonal were not zero, the product of | into the column vector 


(5.,), where 5 1s the Kronecker delta with 7) fixed, would be a 


k 


vector with for coordinate, contrary to = 


Suppose that Ey, 1s decomposed in any way into & complementary 
linear subspaces, =, 91,9... OL,. That 1s, each x in has 


a unique decomposition x = x, + + in Lis for = 
We shall write also x = ise. an x,) 


Theorem 3.3. Let p(x) be the gauge- function for a convex region 
Cin E,. If C has involutory symmetry through each of the complementary 


subspaces |.,,..., L,; that is, if for all x = (x,,...,%,) un 
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then C is symmetrical ( . orm or pse utlo-- 


norm for k 
n 


Proof: tor 
the equations 1! 


ply,, y, 


Thus for all y « y), which implies chat p is a norn 
In case ply) > otherwise > pseudo- norm (Remark 


In the latter case, C 1: cylin’ésr and 1s unbounded; that 
contains entire lines o! If Vas the ' ar subspace of all 


n 
which p(x) ) p determine inorm tor tue quotient-space t 
1s the Cartesta rroduct of Vo and the unit sphere for the nornr 
JM.) 
n 


Lefinition 3.4. If plx) x, bs the gauge-function 


for a convex region the convex regtous C , +1. 


Ch’ 
} ] , Rk, corresponding to the gauge-functions 


ole x 


are called twsomers of or convex tsomertec to 


Let Cy, Ck denote the sections of a convex region © in the 
complementary subspaces L,, Ly Then the gauge-function for 


on are arbitrary convex regions each 


containing *, with wauge-functions p,(x.,), ... then there 


are many different convex regions € having C,, ‘k as sections 
One such region is the Cartesian product of C,, , &; another 1s 
the convex hull of C,, C. Let the gauge-functions be cylindrically 


> ».f ) ( “he 
evidently the gauge-function for the Cartesian product 1s o(x) 


max p(x), and the gauge-function for the convex hull as q(x) 
k 


oD 


A class of intermediate regions between the convex hull and the 
Cartesian product correspond to the gauge -functions 


p(x) 


One 
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(Ne use a simlar terminology for the pointwise invariant subspace 


and the null subspace of aprojection ?, to that used for the associated 
tnvolution oF I: P as a projection through the latter subs ace 
onto the former subspace. ) 

For a convex region C let , be respectively the 
projections of onto th L,9%.. Liat OL, 
k Then ain veneral ne projection D 1s a convex recion 
un L. which ineludes the section C. as a proper sub-region; for tie 
convex till and Cartesian product of the sections, and the iter- 


mediate regions mentioned above, however, or 


Definition 3.5. \ resion 1s of standard type ip Lb 


for each j} = 1, ..., k, the projection of C turough L, 4 
4 Into coincides with the section of C in La 
let 2 x where 2 eL ane 
-p). Then evidently the zauge-funetion for tie 


L 


Projection hoof inf plx,, anfa 


being taken, for fixed Ay, over all x 


such that (x. + y.)eC. 


If C.. «.«, convex rexions respectively 
Ly, each containing the origin ©, then any rexton © wiitel 
has ( respectively for uts Ly secttons, has a 


gauge -function whitch coincides with the ,auge=funct ions 


(xy) conversely, any yauge-junction which coincides 


with pi un each is the yvauge-function for a convex region 


having Cy, as sections in “pe In case Us of 
standard type un the vauge-function satisfies the in- 
equality o(x) < p(x) < afx), where ofx) and q(x) are as defined above; 
conversely, any gauxze-functtion which satisfies thts tnequality us 
the pauge-functtion for a convex revion of standard type, which has 


for its Ly sectlons. 
Proof: Since a region C always contains the convex full of its 
sections .-., Cy. it us obvious that Cis of standard type 1f 
and only if at 1s contained in tie Cartestan product of its sections. 
The tneorem 1s evident fron this fact, and from “emark 2.9. The 
following proof is viven as an illustration of the use of cauge- 
functions. 
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The first statement, and converse statement fol low from the de- 
finition of gauge-function and remarks above preceding the statement 
oft the theoren For tne second statement suppose that © 1s of 


standard type. Then n(x.) inf v.(x_); therefore 


max » (x_) < p(x). By the triangle property of the gange-functiron p(x), 


k 
poi 


(fhe part p(x) q the wnecuality 1s satisfied whether 


standard type or not For the converse, 1f 2 


] 
Also n inf plx) since 
j } } 
and p(x) yfx), so the projection coincides wit 


o(x p(x_) therefore the section 


and C p(x) 1} as of standard type 


Rotationally Symmetric Revions 


suitable choice of basis {x.} the matrix & for anv rotation 


may be put ain block-diagonal form, wath blocks 


on the diagonal, where h dimensional identaty 


Sub-matrix al] other elements being zeros (See 1.) The sub- 


space spanned by , ts left pointwise invariant by R 


we say that ais a rotation of about (In case n 2h, no snb- 
identity matrix I _2h IS Present in the block-diavonal form; subspace 
L, 1s zero-dimensional, and consists of only the ortiein ) Any 
orthogonal transtormation T of e which has h pairs of conjugate 
complex eigenvalues ? ;? has a canonical form which 1s the 
same except that _5, is replaced by I 


2h 
multiplicity of eigenvalue of 7 


-I_, where he 
wnere s 1s tie 
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“Sin +, cos h cos h 
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For (n-2h) > 0, let V be any involution of an (n -—h) dimensional 
linear subspace eh of through an h dimensional subspace and 
therefore in an (n -2h) dimensional subspace L,, of E,_,. (In case 
n = 2h, L, 1s zero-dimensional, and consists of only the origin *.) 
Suppose that % Span Ly, that span and 
that 8,, ..., 3, together with the preceding vectors span E Denote 
the coordinates of a point of Ee with respect to this basis, by 
( he 

Var xz, ), where +++, Y, are the 
coetficients of Bp Let Vi denote the iunvolutions 
of Moss h through the one-dimensional subspaces respectively spanned 
by %1, ...,%, tn the (n-h- 1) dimensional subspaces spanned by the 

nes 
remaining vectors of the basis @,, for 


If \ as any convex or starlike region 1n E> which has involutory 
symmetry under V,, ..., V, then a region C in E, which ws invertant 
under the rotations R, for all jy, ..., Pp, «1, 8 


, 


7, <7, 1s generated has rotating 4 about L, That 1s, af the column 
vector (x,, Xp 0, x x) is any point of A, then 
all points of the form 


(x,cos -*,stn Py, ..., x,cos 


are points of ©. Involutory symmetry under f ~ oe §, 
quired so that points of corresponding to = 7, 7 
agree with rotational symmetry under all rotations R 


Sim larly, a region which 1s invariant under the class of orthogonal! 
transformations T corresponding to the h dinensional torus < 7,5 7, 
0 <2, £7, 1s obtained by rotating any rezion K an Which 


A 


invariant under the involutions al, ) and .., about 


, (where s is the multiplicity of -l of T 


In terms of gauge-functions, 1f for the region K the gauge- function 
in (n-h) coordinates is ..., %, sees the re- 


and in case of T, also that Bl... = 


The gauge-function for C then 1s defined by 


n-s+i’° 


y?)#, 


where for = 1, ..., h. Conversely, any region C 
which 1s invariant under the class of rotations RK, or under the class 
of orthogonal transformations 7, must be related to an (n-h) di- 
mensional region A with iunvolutory symmetry, in the manner which has 
been described. This follows since the gauge-function p for © then 
determines a gauge-function g as above. 

A convex or starlike region of rotation may have additional sym- 
metry to the symmetry corresponding to invariance under all rotations 


186 
n 
us re- 
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of the canonical block-diagonal form with two-dimensional blocks 
Although any particular rotation may be put in the canonical form,if 
fixed basis vectors {a,, 35} are retained, that canonical! form does 
not represent the most general rotation about the (n-—2h) dimensional! 
subspace L,. The sections parallel to the (2h)-dimensional subspace 
Lo, perpendicular to L,, for a region ©, may 1m particular be solid 
(2h)-dimensional spheres, or cylinders which are products of lower 
dimensional solid spheres Let 7. denote the plane spanned by 

oe , h. For javariaace under all rotations of tie 


canonical form, with a5, 


fixed, all that ais required 1s that 
the sections by the planes Fc. s+.» ™% be circles. In genera] C may 
be aunvariant under a class of rotations correspondin. to |lock- 
diagonal matrices, with rotational blocks of dimensions k,, ..., 


k 22, , -1]), and an identity or inv tory di- 


agonal sub-matrix J dimension with k, +... + 


In terms of gauge-functions, 1f g(r,, oye 


m 
is the gauge -function for any [m + (n-k) + 1)} dime asional region 


p for a region “ invariant under the larger class of rotations 1s 


given by 


Plas, g(ry, 
where 


[(x 


) ( (m 


We have the following theorem concerning a region © which 1s 1n- 
varlant under a sub -tnterval of rotations 


Theorem 4.1. If a region C in E_ is invariant under a set of or- 
thogonal transformations T (,), corresponding to all ¢ in an interval 
0 <2, a < b, where the matrix for T(z) is in the can- 

cos sin 


onical form with one variable block , then C is 
-sin cos 


invariant under tle set of orthogonal transformations T(>) for all 


+ 


> ain the interval 0 < ¢ < 27, 


Proof: Let denote the image of C under T()). Let > 0 be 
any increment less than (b -a). Since by hypothesis C(9) = Cla) = 
Cla +\g}, we have = Cla + = Cla + 2A¢) = C(O) = Cla + = 
... In this way, by suitable choice of. \¢, any value in the in- 
terval 9 < $< 27 may be reached. From this the theorem follows 


| 
1955) 
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5. Invariance Under Groups of Transformations. 

A region © which 1s symmetric with respect to the origin © is 
Invartant under the cyclic group of order 2, which consists of the 
two transformations IT, -I. A region which has involutory symmetry 
through complementary subspaces, as in section 3, 1s invariant under 
involutions V,, ..., through Ly; theorem 3.3 follows from 
the fact that the product of the transformations Pe ee Ve is the 
negative identity. Simlarly 1f © is invariant under any transformation 
T such that T"= -I for some integer m, or under any set of trans- 
formations whose product 1s -I, then C 1s symmetric with respect to ‘ 

‘enote diagonal matrices, with elements d,, on the diagonal, 
d, If the gauge-function p for a three <limensional 
region C 1s invariant under the diagonal involutions ' = [-l, 1, 1], 
V=[1, -1, 1), W = [-1, -l, 1], then C is invariant under the “klein 
Fours Group”, consisting of the transformations IT, '', V, W, and is 
not necessarily symmetric with respect to “© (invariant under -I). An 
equilateral triangle 1s invariant under a cyclic group of order 3. If 
C is invariant under a cyclic group G of order 4, then C is symmetric 
with respect to © 1f and only 1f G contains -I/; this will be the 
case 1f Gconsists of 7 and the powers of a transformation Z such 
that Z* = -I. (For this necessarily al] eigenvalues of Z are +i; 
therefore, the dimension must be even and every diagonal block an 

+] 


the canonical form must be ; ) If © is invariant under a 


group G containing a transforination # such that #’= -I (like the 
cyclic group of order consisting of the powers of a planar 60 
rotation) , then C is symmetric with respect to 

Theorem 4.1, together with Theorem 6.2 below, imolies that the 
rroup of symmetries of any Lounded convex or starlike region ©, 1s 
either a discrete group (possibly consisting of only the wentaty), or 
the product of a discrete grou) and lower dimensional full orthogonal 


vroups 


6. Invariance Under A Non-singular Linear Transformation 


If T is any non-singular linear transformation such that the real 
eigenvectors of T, and the real and imaginary components of the com- 
plex eigenvectors, together span the real linear space 6, then as 
shown in [2], T has a diagonal block form [¢,A,, 


where +t. exp (1i¢.), t = 


(n-2h) are the eigenvalues of T, and i, 


-Ssin cos ¢ 


is a convex or starlike region, with gauge-function p(x), then if 
C as invariant under T, we must have p(T"x) = p(x) for all integers 
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where 


m. The matrix for T™ 1s [tt A4 


2h41> 


-sin 
In case m 1s negative, A7~* ) For co- 


ordinate Xone} of x, by positive homogeneity we must a n cases 


toner 9 allm, or t,,,, m even, 


m 


ain case t, 


If ton 71, thas amplies p(0, 


so either © contains the ray {C% p44), c > 0 (C contains the entire 


line if 0), of is a boundary point of for the direction 
Sone, (for the directions +%5,,, to,,; <) For a bounded region 


C with © interior to ©, we must have ree ] fhe same discussion 
applies to any coordinate 


For coordinates %,, y, of x (x,, a> Yar 


by invariance and positive homogeneity we must have p(x, 


= tp [x ycos(my - x,sin(mp ) + y cos(my, 


and therefore 1f t, # 1, since by Theorem 2.2 p is bounded and 


bounded from zero on the Fuclidean unit sphere, we have D(x1,¥,,9,..-0) 


= 0 or w, for al] x1,¥;, not both zero. Therefore either C contains 


the entire plane 7, spanned by %,,4,;, or * 1s in the boundary of 


C, and 7, 1s exterior to or partly contains the boundary of 


If T as an arbitrary non-singular linear transformation, then as 
[9 £ [ J 
shown 1n [2], T has a diagonal block form [t,A,, t,A,, ty oP as 
are the distinct eigenvalues of T Each block A, has blocks 


cos sin 
on its diagonal, al] elements below the diagonal 


¢ cos 


blocks being zeros. Each block B, + 18 superdiagonal!l, with all 1’s on 
the diagonal. If€ is invariant ore T, it is also invariant under 
T-! and the eigenvalues of T~ are ventesenate of the eigenvalues of 


T. Therefore in the discussion of any particular eigenvalue, we may 
suppose that t >1l or lt, ., | >1, 1f they are not equal to 1. In case 


od, 
n 
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Say 83, span the eigensubspace of a single pair 
of conjugate complex eigenvalues tt, exp (ig), we have 


...9, X35 = p[x,(m)/t,, y,(m)/t,, x ,cos(md 
-y,sin(mp,), xysin(mg,) + y,;cos(mf,), 0, ...0), 


and since 1f € 1s bounded, with interior to C, the function p 1s 
bounded from zero on the Euclidean unit sphere, the expression p{ |} 
on the right 1s bounded from zero, and tt p[{ ] approaches infinity 
as increases. Put p(m) on the left 1s fixed, so we have a contra- 
diction, and 1f t,> 1, either C must contain the entire e1gensubspace 
of +t, exp (ip,) (in case p= 9), or the e1igensubspace must be ex - 
terior to the interior of C (in case p =&). Similarly for the real 
eigenvalues, 1f C 1s bounded, with © interior to C, we must have 
It,.;| = 1. We have now established the following theorem. 


Theorem 6.1 If a starlike or convex region C, with “ interior 
to UC, ws invariant under a linear transformation T, then the ergen- 
values of T are all of modulus 1. 

Following 1s a further theorem on the nature of a linear trans- 
formation 7 under which aconvex or starlike region © may be invariant 

Theorem 6.2. If a starlike or comex region C, with * interior to 
C, ts invariant wmder a linear transformation T, then T must be such 
that the e.genvectors of T span Ff. By Theorem 6.1. this implies 
that for any T under which aC can possibly be invariant, there always 
exists a choice of basis for E, with respect to which T appears as 
an orthogonal transformation. 


Proof: Consider the powers (B,,,)" of a block in the canonical 
form for T. If Ras 1s of dimension s, it may be easily verified 


that the elements respectively in row 1, column 2, and in row (s -1), 


column s of are , , where b,,, , are the 


corresponding elements of Ba: Ry a similar argument to those used 
to prove Theorem 6.1, at follows from invariance under 7", and from 
boundedness and boundedness from zero of p, that b,, = b..1, = 9. 
Likewise the other elements of B,,1, above the diagonal must be zeros, 
and the elements above the diagonal blocks in A, must be zeros. The 


same discussion applies to the other blocks Aj. Biya therefore the 
basis vectors corresponding to the real eigenvalues are all eaigen- 
vectors, and the basis vectors {%., 3;} corresponding to the complex 


eigenvalues are all components of complex eigenvectors, which is the 


theorem. 
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Finally, we have the following theorem relating transformation by 
a non-involutory orthogonal transformation, and transformation by 
an involution. 

Theorem 6.3. For any region C, uf T ts any orthogonal transformation 
which ws not an involution, then there exists an isomer J(C) of C, 
such that TC equals UJ(C), where '' ts an involution. 


Proof: Let involution J be the involution having matrix [1], -l, 


., 1], where there is one pair (1,-1) corresponding 
; 


cos { sin 
to each block J } in the canonical matrix for I. 
¢ cos ¥ 
} 
Then / TJ as the required involution, since J° T, and since the 
product of the rotational block by the column matrix (1,-1) as the 
cos ty -Sin 


block , which 1s involutory. This may be seen 


“Sift 4 
} 


also from the fact that J has the property J7’TJ Ee or 
Ya IT~*: 1 TJJT~) = 1. For the same J and | , we have also 
TJ(C) Likewise IT as an involution, since V* 

ITI~*J = 1, so we have JT(C) VC) (The isomer of the transform of 


by T as the same as an involutery transform of C.) 


‘ 


7. Composite Regions 
The process, described in section 4, of generating an " dimen- 
sional region by rotation of an ( k+ 9 <dimensional region, in subspaces 
of dimensions h,, ho, h+ hy + n, may be generalized 
as indicated in the following definition 
-efinition 7.1. An n dimensional ree composite if ats 
gauge -function may be expressed in f lower dimensional 


vauge-functlons as follows 


D(qy, 


are gange-functions of respective dimensions /h,, 
In the special case of rotationally symmetric 
gauge-functions 
at thie 
vefinition 7. 2. n reg step-composite 
some partition of the h., - h_ -~dimensionai i spheres int 
-dimensional “solid angular” portion the gauge-funct1o 


may be represented in the above form 1n e th the portions 


) ( x ) 
where 
q r(x q q_ (x x 
of 
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different gauge-functions q,; ..., q, being allowed in the several 
portions. A region C 1s partially composite 1f its gauge-function may 
be represented in the above form in one or several “solid angular” 
portions, not comprising all of the set of h,-, ..., h,-dimens tonal 


solid spheres 

Following are examples of the above types of regions: 

Uxamoles 7.3. Let q(x,,x,) be the gauge-function for any two- 
dimensional convex region having the origin ‘ in its interior, and 
let o(z,x3) be the two-dimensional gauge- function max (|z|,]x,]) 
Phen = p{qlx,,x,), the gauge-fonction for a com- 
posite three-dimensional resion. The region 1s a cylinder with sections 
parallel to the (x,,x,)-plane congruent to the region q(x,,x,) <1! 
I¢ p(x,x,) is |z| + |x,| instead of max (fal. the composite 


three-dimensional region 1s the convex hull of the set gla,,x,) < 1 
and the points (0,0,1), (0,0,-1). In this case the sections parallel 
to the (x,,x,)-plane are similar to the nee 1on $1 


Examples 7.4. In the points ”, = (1,0, -2°/4), P. -2? A) 
P. = 4). P= (0,0,3.27/4) are vertices of a regular 
tetrahedron of 37. Let (x), g(x), B(x), w(x) be respective ly 
the gauge -functions for spheres of radius 3? with centers at Pies Pas 
Py P,. Then r(x) = max(g,(x), g,(x), &3(*), 1s a convex 
function; the region D) = {x|r(x) £ 1} is the common portion of the 
four spheres, and clearly 1s steop-composite. For an example of a 
partially composite region, we may take the convex hull of the inter- 
section of D with the half-space x, < 0, and the point (0,9,1) 
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THE COEFFICIENTS OF sinh x/sin x 


By L. Carlitz 


@ 


x/sin x = 


m=0 
= 
the notation 1s taat of Norlund [3, Ch 
Py the Standt—-Clausen theorem for the Rernoul!i numbers 


(3) 
p-1| 


wiere Gs, 1s an intever and the summation 1s extended over odd primes 


p such that p - 1l}2m. ‘sing (2) and (3), we get 


(m > 1) 


wiere again 4, ls an integer and the summation 1s over odd primes p. 


If we now write 


sinh x 


Ssinx 


1) that 


m 
] s- 0 


9 
+ «S 


In particular « 3, 148/21, 1774/9 


Incidentally (5) implies 


sin 


sinh a 


so that 
m 


2m 


s =0 
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Put 
2 
(5) > 2m (2m)! 
m=0 
tien it follows Ei 
2m +1 
x = 
m=0 
| | 
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Also usine the well known formula 


k 


a little manipulation leads to the explicit formula 
2 


m k m 
k 2m + 1 


k s=0 


k 


s 


% (1 + - (1 - 


It is natural to ask whether a result like (4) holds for oui 
as we shall see this 1s not the case. 
Let 


(8) +1, 


It is familiar that rf v* | s, p -11 2s then 


(9) B. (mod 


<s 


hence D,. also satisfies this congruence. A term in the right member 


of (5) 
om + ] 


with o- 1+2s, is therefore divisible by p"™. Thus (5) reduces to 


(10) (2m + = 


2m 
2m k 

| + 1. 

2m » Im 
m 
2m + 1 
s 
2s 
2m + 1 
D, + 1/o -1 
s= 
p-1|2s 
m ] 
2s 
p-1|2s 
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Analogous to (9) we have also [1, 
(11) + 1m -1 = 9 (mod oF 
(2) we get 

(12) 


‘lence exactly as 


| 
for p s Conseqnent Ly (19) becomes 


2m + 
(13) (2 ifa «9 mod p") 


We now consider separately the cases Pp 1, p (mod 4) In 


the first case 1t 1s evident that s 1s even so that (13) may be written 


s(n-]) 


(14) 2m + 
(2m + Ee 1/p 1) ] (mod p”). 


O<s5 (p-1) <2m41 


Mut at has been proved []] tnat af o7!n then 


(15) D + (p - 1) 1) (mod 


O<s(p -1)<n 
Clearly (14) and (15) amply 
(15) (2m + (mod np’), 


im other words 1s integral (mod p), 


Mm the other hand for vp = 3(mod 4), we have 


sf 2m+ 1 
(17) (Qm4 =] - (_]) 1/p -1} (mod nv") 
O<s (p-1)<2m+1 s(n-1) 


For example when 2m 4 1 = p, (17) becomes 


(18) pio , 2 (mod vp); 
p=-1 


9 


indeed for 2m + 1 yp’ we find that 


195 
rh 3) 
) (n® (p - 1)12s) 
ipk) (p*(p - 1)/2s) 
above 
+ ] 
2s tla-! (mod 
g=i 
p -1|2s 
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(19) = 2. (mod P dp 


so that the denontnator of is divisible by exactly vo", 


p 
According to (17), the highest power of p dividing the denominator 
< +1 
of 55, does not exceed pe We shall now show that this case does 


indeed occur. Clearly the sum , 
p- 


(-])) - (1 4 is)“*** (mod 


O<j (p—1)<2m+1 } (p-1) 
as 1S easily verified by expanding the right member and summing over s. 
Now let 
(21) 2m +1 = u + uplmodp*-1) (9S u<pn-1; O<v <p -1), 


of (20) becomes 


s =0 


the right member 


which on expansion yields 


p-l-j] 


} 
provided 1 , otherwise the sum (22) = (mod vp). 


‘Now if u 


so that (23) 


(u +U—p +1)! 


This result can also be obta1aed by means of (7). 


- ay 

p 
p-1-j) (-1-7) 1G -w)! 
F 
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To summarize we state the following: 
Theorem. The denominator.,of contains only primes 3(mod 4). 


“dliedleal 1) and define u,v by means of (21). 


Let p"|2m + 1, ¢ 


Then So satisfies (17). > p then the denominator of 


1 
is divistble by exactly p"** and indeed 


us divisthle by vp" at mst. 


If u+v <p the denominator of 
om 


The above results do not indicate when the denominator 1s exactly 
. 


Sr, althongh (1°) gives some information 


divisible by where 
for / 

It may also be remarked that results simlar to the above hold for 
the coelicients in the power series expansions of 


= 


(e* - 1) 


where w 1s a primitive n-th roet of unity 


REFERENCES 
L. Carlitz, A Special Congruence, Proceedings of the American ‘athe- 
matical Society, vol. 4, (1953), pp. 933-936 
2 L. Carlitz,, Some Congruences for the Rernoulli Numbers, American 
Journal of Mathematics, vol. 75, (1953), pp. 163-172 


3. No EL NGrlund, Vorlesungen uter Diferenzenrechnung, Berlin, 1°24 
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MISCELLANEOUS NOTES 
Edited 6 


Charles K. 'iobbins 


Articles intended for this vartment should be sent to Charles "oOrbins 
Nepartment of athematics Purdue University, Lafavette !ndiana 


FAREWELL TO 1955 


(popular) 


Ganchi 


tne year has just gone. A matiematictran has bid -ood-!;;e to as 
follows. 


Matuematicran -\. “ello! 1955. We are sorry to see yon zo, we are 
however very olad tiat you nave ziven us many remarkable tueortes and 
Inventions -— e. *. some of these are: 


1955 = 12 + 2° 


+2 +3 


+ 18% + 19% 3%, 
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x 
+ 
3 3 3 3 3 
2 2 Z 2 = 
+4 #5 4% 
2+ 34445 + 5. 
-- -5 c+ 
1 
1955 = Ix 4° + (1 +2)x3° + (1 +2 +3)x29 
1955 « 4 of 9° 
1955 + 152 + 16? + 17? 
|_| 
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Magic Square of the Year 1955 


Sum from any side 1s eanal to 29, 


Ist perfect number 2nd oerfect number 
] 


¢ 12° 


So friend, good-b\,e. I have paid a very humble 


contribution to tue 


of WMatiematics and to the prorress of science and in 


the world Let us wope my successor will be still 


WELCOME TO 1955! 


more wonderful.” 


It is left for the reader of this note to 


Trlve a suitasle welcome to 
tie vear 1955. 


Lingraj College Pelsaum, South India. 
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19 § 
] 9 
9 | 
6 
2.@. Sum= — 4 = = 
] 2 
Some more prooertiles: 
1955 107 + 874 §74 474+ 2 
+ + 424 224 0 
+10? + 824 614 44, 2! 
+ BP 49+ 29% 09 (ag 0%= 1). 
1955 $= 10+ = 12 + 138 + 10? « 1) 
13° + 14°. 


A GENERALIZATION OF THE S-STIRLING NUMBERS 


Jerome Hines 


Introduction: The purpose of this paper is to develope a general 
formula for the S-Stirling numbers by the use of poly-gamma functions. 
Since the poly-gamma functions have meaning also for non-integer 
values, we can take the resulting expression for the S-Stirling 
numbers as their definition. Then we will have defined a Stirling 
function which is a generalization of the Stirling numbers and 
will include them as a special case. 


1. The 7-Stirling numbers can be found by the formula 


-)* 
0 | 


(n-i+1)P*" 
Pp i= 


and have the recursion formula 


The S-Stirling numbers have the recursion formula 


= (n+1) + 


= 0, n<p 


and can be generated as follows: 


1.4 (1+x)(1+2x) .... (ltnx) = * Sox? + 


The following is a table of some of the simpler S-Stirling 
numbers: 


S 
2 8 2 3S 85 175 
3 000 6 50 225 735 1960 
4 0 0 0 0 24 274 1424 4769 
5 0 @ 8 9 0 120 1784 11352 
D 
200 
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In the following section a general formula for a> will be 


developed. 
2. From the recursion formula, 1.3, 
But 
n «ln 
whence 
S =n S 
non ne ne 
Continuing: 
Further: 
* T(n+1) 
But 
= 1 
whence 
Similarly 
=T(n) +n + (n-1) 
= [(n) + nl (n-1) + n(n-1) (n-2) + , 
+ [ (n+l) So 
Then 
2.2 = 0 (ntl) 
= n n-l 2 
Let us define (nel) by 
= l 
(ntl) Fei) T (n+l) 
x™ (lgex)" dx 


= 
+ 


A GENERALIZATION OF THE S-STIRLING NUMBERS 


Jerome Hines 


Introduction: The purpose of this paper is to develope a general 
formula for the S-Stirling numbers by the use of poly-gamma functions. 
Since the poly-gamma functions have meaning also for non-integer 
values, we can take the resulting expression for the S-Stirling 
numbers as their definition. Then we will have defined a Stirling 
function which is a generalization of the Stirling numbers and 
will include them as a special case. 


1. The 7-Stirling numbers can be found by the formula 


(n=i+1)P*" 
=0 | (1+1) 


art", i 


and have the recursion formula 
9 


The S-Stirling numbers have the recursion formula 


(n+1) S, 


and can be generated as follows: 


1.4 (l+x)(1+2x) .... (ltnx) = + + 


The following 1s a table of some of the simpler S-Stirling 
numbers: 


“A 


1960 


769 


11352 


1.3 
3 4 5 6 7 
88 175 322 
00 0 6 50 225 735 
0 0 0 O 24 274 1424 ZZ 
0 0 0 9 120 1784 
D 
200 


MATL EMATICS MAGAZINE (“larel- April 


In the following section a general formula for m will be 


developed. 
2. From the recursion formula, 1.3 


But 


whence 

Continuing: 
Further: 


But 


whence 


(n+1) 


Similarly 


+n 


+ nl (n-1) + n(n-1) T (n-2) + 


(n+1) 


“0 


Ss (ne1) JL + 1s 
n 


nvael n-l 


us define (nel) by 


| 


] 2 
(n+l) 10 


x” (lgx)" dx 
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non meinel 
|| 
= 
nein 
non me. mes 
1 
Then 


S -STLBLING NUUBERS 
positive and finite the first term of this expression 
Then 


2.4 
whence 


n 
Continuing this process: 


(nel) 


Note that Y(;)(ntl) is the ordinary digamma function in which 


¥¢4)() =-C, Fuler’s constant. If we define the -functions by 
2.6 Emel) = (mel) = 01) 
then in the case of r 


(n+l) + C 


n S(re1)Q) 
ja 
Let us now put equation 2.2 in the form 


S, l(n+1) 54) (n+l) 


Continuing the process used in developing 2.2 


n n-l n-2 


S = | (n+l) 


non-2 


= [(nel) 5 (2) (ntl) 


2! 
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zero. 
¥(r) (n+1) nl (n) 
ni(n) 
Yep) (ntl) = (nm) + 
n (7) 
S 
27 ted ede vee d 
and 
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Generally: 


+ 
n n-l 


= | (n+1) 


+ 


S = n+] - (n+1) 


T(n-p+l) 


3. The following are two examples of actual calculation of 
S-Stirling numbers by 2.9: 


a). Determine ,S, using 


2 


24 + 12 
50 
Determine ,S, using 


35 


The main value of the expression 


T(n-p+l) 


is that it relates the S-Stirling numbers to the polygamma functions 
and also givesa method by which we can define a continuous S-Stirling 
function for n and p not integers through the definitions of the 
polygamma functions; 1.e. 4.1 can be taken as the definition of 
the S-Stirling function of two variables, n and p. 


or 
2.9 
and 
(n+1) 
S, = 4! by 
2 
b). 
mee = 
4! E (2) £/,)(3) 
S, = =, 2! ¢ 
2! 2 3 
2 3 4 


CURRENT PAPERS AND BOOKS 


kdited by 
H.V. Crare 


This department will present comments on papers previously published 
in the MATHEMATICS MAGAZINE, lists of new tools, and book reviews. 

In order that errors may be corrected, results extended, and in- 
teresting aspects further illuminated, comments on published papers in 
all departments are invited. 

Communications intended for this department should be sent in 
duplicate to H.V. Craig, Department of Applied Mathematics, University 
of Texas, Austin !2, Texas. 


Comment on U.W. Becker s "Comment on L. Caners’ 
"Pythagorean Princinle and Calculus’"* 


According to H.W. Becker “the petitio Principii” 1s that in taking 
dg (uz~2) = 0, the autuor has assumed uz~* constant, 1n advance of 


Proving it. In the present paper I am going to prove 1t 1n detail. 


z 


Consider the right angled trianezle with © and z variables. 


Let cos 6 + 


Then 
cos” + sin? = uz? . 


Differentiating both sides with respect to © we get. 


d 
2 cos 6 — (cos @) + 2 sin (sin ©) = dg (uz *) 


“The Petitio Princip11” is that Leonard Caners has assumed 


= =-sin 
(3) 


cos 0 


in advance of proving these results without the use of the Phythagorean 
Principle. 


Now from the definition of differentiation, we have 


* MATHEMATICS MAGAZINE, Vol. 28 (1955) p. 276 and Vol. 29p. 40. 
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d 
dé 
d 
—(sn 
dé 
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sin(( +h) - sin 


sin A - sin B 


From (4) we have 


dé 


The remaining problem 1s to prove (5) without using the Pythagorean 
Principle. 


Since Trigonometry 1s based on right angled triangles, at first 


we 
may thank that (5) can not be derived without using the Pythagorean 
Principle. 


Putaf we see the oroof of (5) in anv elementary book on trigonometry 
it wil] be evident that no pythagorean principle 1s used in deriving 


it. Inly the definitions of sin and cos © are used. 


Fxactly sim lar discussions are needed 1n proving 


We now use 


i+ B-A 


cos A - cos B 2 sin —>— sin 


Tats can also be oroved witout use of the Pythagorean Principle. 
Making these substitutions an (3) we have 


+ 2 cos & sin‘ 7°) 
D u2z7*) 


Cons. 


J. VM. Gandhi - Relvaum, India. 


Comment On Pedro Pizo’'s "On The Case n= 3 of Fermat's 


Last Theorem" 


In zlancine througn the January-February issue of 1955, I stopped 
to read “On the Case n = 3 of Fermat’s Last Theorem” by Pedro A. Piza. 
although 1t 1s rather late to make comments on it, 


I must say that 
I fail to follow the reasoning. In 


fact, I believe that Wr. Piza has 


1955) 5 
h 
If 
148 A-B 
and 
sin h/2 
d 
— (sin &) = cos @ 
d 
— (cos -sin 
= 
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made an error. He begins by showing that the cube of a number of the 
f 2 2 - 

orm a* + 36% 1s of the same form. This 1s all right. However, when 
he attemots to use this fact in nis proof he says, “If p? + 3471s 
a cube 1t 1s a cube of an integer of tine same type...” In other 
words, he uses tie converse of the lemma rather tuan the lemma itself. 
But he does not prove the converse, as far as I can see. If I am 
mistaken, I should like to be informed ofmmy error. 


Peter Yff 


Carl Friedrich Gauss: Titan of Science. By Pr. G. Waldo Munnineton, 
Fxposition "ress, New York, December 1955. Illustrated - $45.09, 


Dr. G. Waldo Dunnington, a member of the faculty of Northwestern 
State College, 1s the authod of a new biography of Friedrich Gauss. 
On February 23, 1855, Carl Friedrich Gauss, one of the tiree greatest 
mathematical geniuses of all time, died in Gottineen, Germany, where 
he had been director of tne Observatory of the Untversity most of 
ais life. Tne centennial year 1955, watch brought several memorial 
celebrations at Gottingen and elsewiere 1n Germany, 1s now climaxed 
by the publication of the first full-scale biozraphy of Gauss, written 
by the foremost American Gauss scholar, a participant in tie various 
observances 1n Furope. 
Harold Weiss 


Comment on “Mr. Diamond’ s "Irrational Num ers" 


In nts article “Irrational Numbers” (Mathematics “lagazine Vol. 29 
No.2, page 8°) “ir. Diamond mentions on Page 97 Felix Klein's deriva- 
tion of the word “irrational? I would like to comment on it, because 
philosophy of Mathematics 1s involved in this derivation. Furthermore 
tie question arises whether the word irrational 1s a misnomer in 
Our own language. 

It is correct that the Latin word “i1rrationalis” 1s the transla- 
tron of the Greek word “alogos.” Put this word means something very 
much deeper tifan “tnexpressible.” According to ancient legends the 
exovression “alogos nomos. for “Irrational numbers” was introduced 
by Pythagoras who nad found that the diagonal of a square 1s tncom- 
mensurable to 1ts side. The concept of inconmensurability in the realm 
of ceometry 1s eauivalent to the concept of irrationality in the 
realm of algebra. Pythagoras visualized numbers in the form of geo - 
metrical patterns. 

Here he faced an astonishing fact. Nothing seemed simpler than 
to draw a diagonal in a square with the side of the unit lengtn. The 
Points to be connected seemed well defined. “ut the lenth of the 
diagonal defied any clear cut measurement in rezard to unity. 


1955) CURRENT PAPERS AND BOOKS 207 


The human mind could not - according to Pythagoras’ philosophy of 
numbers — conceive tiie new unit “square root of 2:” Only what the 
human mind could conceive was 1n the domain of Man, was part of the 
logos. Logos is the tighest expression of the ability of constructive 
thinking. The derivation “logical” in our languaze expresses 1ts 
meaning better than any definition. So. St. John explains the origin of 
all things by writing: “In the beginning was the logos.” “hen we find 
in the Pible the translation: “In the beginning was the Word,” we 
should not forget that “Word” 1n this connection means the expression 
of God by which He may communicate with Wan. It means revelation to 
the mind, not spoken symbols of thought by human beings. 

So “alogos,” tue contradiction to logos, does not mean “inex - 
oressible” but “inaccessible to the reasoning mind”. Since it belonzed 
to tue domain of the Gods, Pythagoras forvade tie students and dis- 
ciples of its school to talk about irrational numbers in public. 


Many centuries later Fuclid “dethroned” irrational numbers from 
their lofty neight. From then on tiey belonged to the domain of Man. 


Rut 1t was too late to cnange the word alogos. It became a very 
“logical” mathematical expression and then and there a misnomer 10 
this field. 

Put Language itsel f was not affected. The Latin translation of 
logos 1s “ratio.” From this word our language inherited “reason” and 
formed “rational” and “irrational,” meaning defined or not defined 
by reason. 

Also tie Latin word “ratio” was “liberated” from its Latin origin, 
meaning, and pronounciation and became tiie Fnglish household word as 
used in Mathematics. From this word “ratio” the adjectives “rational” 
and “irrational” are derived. 

These words, as psychological and mathematical exoressions, are 
simply cousins with the common ancestor, the Latin word “ratio.” A 
misnomer happened almost 2000 years ago. Today “rational” and “ir- 
rational” are exoressions for different concepts in two dierent 
fields of science. 

Finally, to complete tie picture, we fave a similar development 
of two other words 1n more recent times. Imaginary numbers once were 
not considered numbers. So we have to this day the distinction be- 
tween real and imaginary numbers, knowing tiat imaginary numbers 
are not “imaginary” at all, but as “real” as real aumbers belonging 
to one complete number system. 

Fred G. Fl ston 


Elementary Topology. "ick Wek Hall and Gaulford L. Spencer II. 
John Yaley & Sons, New York. 393 pp. $7.00 


An awntroduction to general point-set topology. the new text tr 
cludes a variety of topics previously sligited or overlooked. ‘tall 
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and Spencer accord full coverage to the Jordan Curve Theorem and 
orovide considerable material on metric spaces and non-metric or 
veneral spaces. In addition, tuey include a characterization of the 
sphere, which iwntrinsically contains a characterization of tie plane. 

Nc the outset, the authors put the student to grivs with infinite, 
countable and uncountable sets, and the real number system, rather 
than taking these topics for eranted. Similarly, the Axiom of Choice 
is treated in detail and an introduction provided to “ing’s results 
in the tueory of Partionable Spaces. 

Chapter headings include: introductory set theory, the real line, 
topological space: metric spaces, ares and curves, partionable 
spaces, and the axiom of choice. Over 400 problems are graded from 
elementary to those suitable for short term papers. 


Richard Cook 


AN ER'OR OORRECTS 


A typoeraphical error was made in ‘A Grass Root Orivin of a Certain 
Mathematicc! Concert.’ Jan.-reb. 1955, page 132, second 
fourth line. It should read: 


paragraph 


surfaces run 3/2, (3/2)?, (3/2)8 of the origina! surface. Thus.---. 


TEACHING OF MATHEMATICS 
Edited by 
Joseph Seidlin and C. N. Shuster 


This department is devoted to the teaching of mathematics. Thus articles on 
methodology, exposition, curriculum, tests and measurements, and any other 
topic related to teaching, are invited. Papers on any subject in which you, as 
a teacher, are interested, or questions which you would like others to discuss, 
should be sent to Joseph Seidlin, Alfred University, Aflred, New York. 


NEW MEANINGS FOR OLD SYMBOLS 


(ropul ar) 


Louis FE. amond 


In our early school days mathematics simoly means the manioulation 
of number symbols in arithmetic and tie manioulation of doints lines 
and shaves in geometry. At that time we co not relate these two sulb- 
jects to each other except in so far as our teachers classify them as 
subjects under the vagene heading “lathematics. We are so accustomed 
to consider tie symbols 1,2,3,... and so on as numbers that we are 
ant to forget or perhaos we never realized, that these symbols need 


not necessarily represent numbers, nor need the symbols + and *« neces- 


sarily denote the ordinary arithmetical onerations of addition and 


ultaplieation 


As a simple example. when we write 2 +3 », we are so accustomed 
to the overations of aritjmetic that we entirely forset that 2 3 and 
) are merely symbols anvented vy man, and that + andicates a binary 


overattlon an Overation bY which two of the symbols are com- 
bined according to certain rules. Ne also forvet that the symbol 1s 
only a symbol of relation between the symbols on the right hand side 
and the symbols on the left jiand side. In our mind we feel that there 
Is something about this statement that 2+3=5 which as so fundamental! 
that even questionine it is absurd. it 1s a statement that 1s true and 
that ts that lhe abstract symbols lave become concrete objects per se 
and represent to us the only possible kind of addition. We do not ones- 
tion the meaning of the symbols used. They are sacrosanct 

Now the fact is that these symools may. also reoresent operatior 
of various kinds. The symbols + and x mav likewise stand for o»veration 
entirely different from those we are accustomed to in artitimetic. |; 
this article we shall give simle examoles. 
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Number Symbols For Operations 


Let |] be “tne overation of flipoine an electric licht switeh an 
our home.” Let 9 be “the operation of not flippinz an electric ligut 
switch in our uome.” Let + stand for the words “followed by.” Let = 
stand for “1s equivalent to.” Then, 1 +1 =9. Overation 1 \ followed by 
overation | 1s equivalent to operation 9. You may object tinat this 1s 
quite trivial and farfetched you cannot assail its lorie. 


Nismall object 1s located 1n a fixed dosition ! in the plane. 


C D 


Let be tue Operation no rotation avout ©. 

Let be the overation of a counterclockwise rotation avout C 
through 90°, 

Let be the o»veration of a counterclockwise rotation about C 
of 180°, 

Let 3 be the overation of a counterclockwise rotation about C 
of 770". 

Let + be “followed by?’ 

Let = be “1s equivalent to. 


1+2=3. Qboeration 1 followed by operation 2 1s ecnivalent to overation 3. 
3+3=2,. Oberation 3 followed by overation s emivalent to overation 2. 


3+1=0. Overation 3 followed by overation s emivalent to no rotation 
about C. 


The “addition” table below summarizes all overations. 
+ 0 
1 
9 


9 


< 


3 
0 0 


To find tue “sum” of 1 and 2. locate in the “addition” table tie 
row headed 1 at the left side. Go across this row to the richt until 
the column 1s reached which 1s headed 2 at the top. There the number 
3 1s found and tnis 1s the sum of 1 and 2. 


Tuts very same table also represents the addition table in modular 
aritumetic modulo 4. (The subject of congruences 1s very imoortant 
in number theory.) There we agree to add in tne usual arithmetic 
manner the numbers 1,2,3, and 0, with the sole exce>tion that every 
time tie sum in aritumetic exceeds 3 we start again with 9,1,2, and 3. 
For example, 3+1=0. 3+2=1, etc. This may seem absurd but we do 
a similar thing every day of our life exceot tnat we count to 12 in- 
stead of 3. Just think of our system of telling time. 
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An [Unusual Vultiplication Table 


We shall now use the four symbols, 1, -1, t and -t. The operation 
wilciu combines these symbols will be called multiplication since it 


follows the usual rules of real alvebra exceot tuat whenever apoears, 


1t 1s replaced by -l. The reader may recognize the ut and the -i as 
the “amaginary” numbers introduced in elementary alee>ra for tue our- 
pose of providing a solution for every quadratic ecuation. The mul ta- 
ylacation table below summarizes all overations. 


] 
-] 


fo find the product of ut and -1], locate in tine table the row headed 
tat the left side. Go across tue row to the right untal the column 
1s reached which 1s headed -) at the top. There tie number -t as found 
and this 1s the product of t and -1l. 


Fvery overation of multiplication vields one of the four symbols, 


l.e., we never vet away from one of the four symbols. 


If we substitue in tiis table + for x 0 for 1, 1 for iz, 2 for -1, 
and 3 for -1, we have exactly the addition table above. In otiner words, 
these two tables are fundamentally tne same in this resvect. There 1s 
a one-one correspondence between the symbols such that af 9 ain the 
first table corresponds to | in tne second table and two in the first 
table to -lainthe second table then 2+ % inthe first table corresponds 
to ]x(-1) an the second. Fach table involves four symbols and there 1s 
one defined operation. An overation between two diferent symbolsor 
hetween two like symbols slwavs yields one of the four symbols. Tuere 
1s a symbol an eaci: table whiecu has no eTect on the other symbols 
waen wt combines wath them, 1.e. there 1s an ooeration which leaves 
everything unchanged. This symbol as called tiie adentity symbol] It 
is 0 an the addition table and 1] an the multiolication table. Evers 
symbol has an inverse, 1.e., wiatever one symbol does, there 1s an- 
otuer symbol that undoes it. Yauatever overation you perform you can 
undo it. In other words. two untque symbols combine to form tue 


identity symbol. 
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l -] l 
«i l 
-1 ] l =t 
0 
2 + 2 0 ] x ] : ] 
«4 6 () ] 
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Operating on a symbol with 3 and then with | szives us back the 
original symbol since 3+1=0. Similarly overating on a symbol with 
t and then with -it gives us back the original symbol. 

The associative law holds, i.e., we can grou) the symbols as we 
desare witnout changing the symbol which is the result of the overa- 
tion, i.e., 42 + 3) =(1 + 2) + 3. (i x ,-1). 

In both tables the operation 1s commutative, t.e., 3+1 
1+ 3. tx=t = —t x t. We can change the order of two symbols in tie 
ooeration without changing the symbol which 1s the result of the op- 
eration. In each case the four symlols constitute what matiematicrans 
call a finite commutative or abelian grou». The theory of zrouos 1s 
an important mathematical concept and 1s called by an eminent mathe - 
matician “the key to modern algebra and to modern geometry.” (Tae 
conceot that every algebraic eouation 1s relatel to a group was first 
‘develovsed by Evariste Galois, a mathematical zenius who was killed 
in a duel an 1832, at the age of 21. The story of his life reads Jike 
fiction and has untimely death reminds one of Moseley’s fate at 


Galliooli.) 


Colors as Number Symbols. 


For a moment let us look at the symbols 0, 1, 2, ..., 9 as the 
usual everyday numbers of arithmetic. We now propose to use colors 
instead of number symbols to represent values of a chosen unit of 
measurement. (Taere is no reason we cannot measure a deflection of 
a pointer by colors.) We are only interested 1n multioles of ten, 
l.e.. the unit we shall use in our measurements 1s such that for our 
yuroose values between 9 and 10 are of no consecuence ohysically. 992 
and 994 represent inconsecuemtial diTerences from 990. We shall use 
a linear arrancement of three colors to represent a given value. The 
following table 1s set un, 


Color Number Color Number 


Black 0) Green 
Prown ] Rlue 
Red 2 Violet 
Orange 3 Gravy 
Yellow 4 White 


For example, (red osrown green) gives the value 215 an ordinary 
aumber symbols. From the table red 1s equivalient to 2, Rrown to 1, 
and green to 5. "ut the third color 1s amultiolier. It does not stand 
for 5 but for multiolication by 1 followed by five zeros. So this 


linear arrangement of colors represents 2,100,000 or 21 x 10° units. 


(brown green green) reoresents 1,590,000 units. Hence we can re - 
oresent any value in multivoles of ten from ten to 99,000,000 ,000. You 
may consider this system rather farfetcned but actually at 1s in use 
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today by radio engineers for use on resistors. tie unit being the 
vim. It as quite convenient to have colors since they stand out vis- 
nally better taan small numbers, and their value is not impatred by 
slight erasure. (Of course, you may facdtiousily remark that the 
enzineers must not be color blind.) 


We Add to Vultiply. 


Sometimes a arittimetic the operation of addition seems to be 
winctoally multiolication. For example, the addition of the fractions 
3/5 and 2/7 consists of four operations, three of wiies are multi- 
ylicatiron. We multiroly 3 by 7, and 2 by 5. The sum of these two 
yrodnuects 1s the new numerator. The denominator of the sum 1s the 
»roduct of 5 and 7. We now oropose to let one number symbol have a 
one-one correspondence with another, and by doing so we suall = sub- 
stitute ordinary addition and subtraction for multiolication and 
division. 


] 255 512 1024 48 4095 
5 7 8 9 10 11 12 


- 


Tue line 1s evenly soaced into twelve divistons. “e start measurin” 
from 0 throuch to 12. Above the line each number after the first 1s 
double the oreceding number. The line together with numbers above and 
below can be similarly extended as far as desired. There 1s a one-one 
correspondence between the numbers above and below the line such that 
the arithmetical sum of any two counting numbers below the line cor- 
resoonds to tue oroduct of the corresponding counting numbers above 
the lane. 349=9. 545512. The arttimetical diterence of any two 
countins numbers below the line corresponds to the division of the 
corresponding counting numbers above the line. 9 -5=4. 512 432-15. 
We unteroret 9 and 1 as sigmifying that addition of 0 corresponds to 
multaolacation by 1, 1.e., 9 as the adentity number for addition and 
l the adentaty number for multaplication. The scheme as outlined 1s 
too limited to be of practical use. We can draw uo another scheme 
which 1s far more etfective. 


~The numbers above the line are simoly the vositive intevers in 
order. We cannot explain brmefly how the numbers below the line are 
obtained but our purpose 1s merely to show that a one-one correspon- 
dence between number symbols can be set u» so that addition in one 
case corresponds to multiolication in the other, and subtraction to 
division. 


] 2 3 4 5 4 7 8 9 10 
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x 


9 


Actually we can vo beyond the scale as 
] 
10 = 100 


3 
100 «19 = 1000 


(Tue reader may recognize that we have been using the princisles of 


logarithms and slide rules. ) 


Calculating by Dozens Instead of Tens. 


Let us consider our method of representing numbers ereater than 
9. For simplicity let us take the four direit number, 4302. Actually 
this 1s a condensed reyresentation of (4 x10?) + 10°) + (0x 10°*) 


he reoresentati1on 


+ (2 x10°!, where 19° as another symbol for untty. 
4302 1s stumoly a iinear arrangement of the miltioliers of 10°, of 
107, of 103, and 10°. Since the value of a digit in a number dens 
Dends upon its vOSttion with respect to the other digits in the same 
number, the olace occupied by a symbol us fully as important as the 
meantne of the symbo! itself. For the same reason a zero multiolier 
cannot be omitted as 1t hiolds oven a vosition in the display. Duis 1s 
quite obvious 1n such numbers as 10,000, ete.. In the number 111, due 
to position each | has a di‘terent meaning. When we multtoly 2 «5, we 
have no single symbol to reopresent the result and hence condense 
1(10) +2 to 12. When in a multi-d:ett number we multiaoly 3x5 and 
“carry” 1, this “1” may be a multiplier of 10°, 10°, 10°, ete... We 
know which 1t ts by the position of » 3 in the number beinz = multi- 
ylaed. We automatically place the yrrect column. So long 
as a product of two intezers 1s less an 19, a single symbol] ex- 
yresses the product Sut af the product is greater than 4%, we must 
use Our positional notation. It 1s quite clear ttat we oursel ves 
hestowed these svectal meanings the number symbols and fact 
1t took many centuries before the present result was attained. I 
Is 


you are indoubt as to1ts etherency, trv multiplyine in Roman numera 


We are so accustomed from? childhood to this decimal reorese! 
that we entirely forget that not only are other systems possi! 
that wistory tells us that they have been used in the past by 
ditlerent cultures. Let us consider iow we might be writing our! 
today 1f nature iad given us six fingers on each hand. In f: 

Cc iltures wild used the Vigesuir al (counting D\ twenties) 


parently continued their counting from ten on to 20 by usin 


214 
.9 .48 = .4 
rs 4= 8 9¢ 3 = 3 
shown. 
& 1.5 
A x 10 10 
5 x 10) 
tatlui 
rious 
mber 
em ao- 
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toes. A duodecimal representation means that we count hy twelves 


l.e., we suvstitute 12 for 10 so that we have (a «127) + (bx 12°) 


(ce x 121) + (dx12°) for a four dazit number abed in this system. 
However a mitiplier of 127, 6 of 12°, of 121, and d of 12°. 

We must have twelve symbols and a, 5, c, and d can be anyone of 
tiem. We can use our usual symbols from 9% to 9 for ten of these 


symbols. Then we invent # for 10 and 0 for 11. When d for example 
exceeds (), we use a two digit number. 


Decimal System Duodecimal System 
10 = 0(12) +10 
0412) +11 
1(12) 0 
1(12) 
1(12) 2 
1(12) 4 
1(12) 8 
1412) 10 
3(12) 8 
5(12) 0) 
1(122) +0(12) +0 
(5)(12) +10 
(5)(12) + 11 


to ho W to lo 


Fractions 
Decimal System luodecimal System 
. 0833... 
1949... | 
.29 
. 41555... 


11/12 
To convert 1/19 in tine decimal system to the duodecimal system: 


1/10 - 1/12 =1A0 = 1/(5)(12) 


| 2 
(1/(5)(12) 


3x3=9., 
x 4 8, 9 x 5 4] 
2 = 10, 
xO = 1h. 
x 10 38, 
30. 
x 50 Ao. 
60 100. 
1) 
2/1 
+ 
92 2 
12? 12? 12 | 
2/5 24/5 
12? 127 123 123 
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48/5 9 


123 


The complete duodecimal representation of the decimal fraction 1/10 
is 9.12497. 


Today there are people who insist that a duodecimal system would 


be better than our decimal system. Since 12 can be eanivalently 
written as (2)(6), (3)(4), and (3)(2)(2), whale 10 can be written 
only as a dDroduct of the prime factors, 2 and 5, more common fractions 


would be terminating or finite in this duodecimal system. Tiuis 1s 
shown above. 

If you were buying 29 eggs in the duodecimal system you would 
expect to receive two dozen. An object 10 inches long would be one 
foot 1n leneth. 100 square inches =1 sauare foot. 1900 cubire inches = ] 
cubic foot. i foot = 0.4 vard. 

Py changine tie meaning of tne symbols and leaving the operations 
unaltered we arrive at results which difer from ordinary arithmetic 
but which are just as valid. In the United States some of our common 
units of measurement are certainly aybrid in origin. Wath their 
pounds, guineas, shillings and pence, thesterling countries are at 
least more consistent in their confusion. 


Milford, Texas. 
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CERTAIN TOPICS RELATED TO CONSTRUCTIONS 
WITH STRAIGHTFDGF AND COMPASSES 


(semi-popular) 


Adrien L. Hess 


Introduction 


Closely related to the vroblem of geometric constructions are 
certain topics which serve to extend and enrich the usual conception 
of such constructions. [fle topics represent various facets of the 
problem whic. have been developed within the last one hundred sixty 
years. Of such topies, the three most closely related to ceometric 
Constructions are: Geometrograoiy, Paver-folding and “atch Stick 
Geometry. 

In 1833 Steiner (17), an outstanding German. matiematician, suegested 
that every construction in geometry should be studied so that the 
solution used would be the simolest, tue most exact, and the surest. He 
also pronosed that this study should aunclude constructions 10 general, 


and constructions made under limitations as to mnstruments used 


and 

with obstructions existing in the plane. Nothing seems to Lave maten- 

alized from the outliatine of this problem until, on 1884, 
solved several constructions for which he counted the 

circles and stratgeit lines drawn (2). 

farst svstematic approaci to the 
leadins Frenei serentifie society 
tiftteen WI 

thirty notes and apveared 

screntific journals, 

reonetTrovravliy Starting 

an ompasses construction, h iad nde i yster 
1894 to anclude descriptive veometry and o inclnide ceometry 
tiiree di enstons (9; ] In 1992 Le mmed ils development 

in his book Ceometrogranhie, des Construce- 
tiones Geometriqes 

Alt Feomet rograduy was developed vy \ Lemoine, vrowth 

was aided by the contributions and comments of many writers u Fngland, 

b rance and Germany Other systems of geometrovraply were devised 


Papvertitz (13) ain 1908 and by Gruttner (8) an 1999. Lemoine Codeaus 


(7) and Adler (1) extended the system to wel ude tools other than the 


Stralvitedte and comoasses. In 1929 Tuckey (18) devised a 
reometrovrapny bi Watch awe considered only the settines of the 
edge or compasses and the number of stratgit lines or cir 
some recent col leve reometry textbooks { e 2 ) include a 


cusston of veometro 
Zit 


vste Oo! 
stratcht- 
les drawn 
rief dis 
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Lemoine chose two overations for the stratghtedve and three oper- 
ations for the compasses as the fundamental operation in his system 
of geometrography. The five operations and their symbols are: 


To place the strarehtedce on a 
fiven point 


To draw a strateht line with a 
straichted ve 


To ol ace one point of the com- 
Yasses On a given polnt 

To place one point of the com- 
yasses On any point of a line 


(5) To draw a circle 


If, In a construction, these oderations occur resvectively a, 


b>. times, the symbol for the construction 1s + + 


byCy + bf, + bf. The total number of overations 18 the sum @, + a, + 


b, +5, + witch 1s called the coeidicient of simolicity (S). The 


sum @y +b, +6 ts the total number of coincidences and 1s called 


the coefficient of exactitude 


The system will be 1}lustrated by Swales’ Construction for finding 
the radius of a circle when the center 1s not e1ven. 


With any point 9 on the c1ven circle O(P) and any 


convenient radius r, draw circle P(r) to intersect 
OCP) at H and E. 


With E as center draw circle E(r) to  antersect 
O(P) at C and D(r) at B. 


Draw the stratgat line BC to intersect 0(P) at A. 


AB 1s the radius of tne circle 0(P) 2k, + Kk, 


R, 
(3) 
(4 
(4) 
Cc 
A 
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The symbol for the entire construction 1s 2’, + 


Tne coefierent of simplicity 1s S +2 . The coefficient 


of exactitude ius 1 + 1+ 2 + 4. The construction with the smaller 


coethecrent of simolierty 1s considered tae simpler construction. 


Paper koldtung 


Although, hastorically, the foldtnge of matertals and the makine of 
knots are cnate old, tueir avolication to <eometry has been made 
more recent times. It was about five nundred years avo that the great 
German, Albrecht Direr, who was interested 1n geometry as well as art, 
farst showed that the recul ar and semiu-resular solids could be con- 
structed out of oaver by markine the boundartes of the yolygons, all 
In one prece, and tuen folding the volyzons along the connected edses 
(3). The farst English translation of Fuclid’s Flements, orinted in 
1570, ancluded a most interestinz feature. In the eleventh Fook of 
the translation, fireures made of paver were oasted in such a way that 
trey could be opened uo to make actual rodels of snace fieures (14). 
a century later Urbano D Aviso, a student of Cavalieri. published 
a work in home entitled Trate de la Sphere. in which ceometric con- 
Structions were worked ont by means of paver foldine. The formation 
of a reenlar hexagon and a revular pentason by means of knots, a tyne 
of vaper foldine, is attributed to him (4). 

In 1893 two men of different nationalities and 1n widely separated 
countries wrote works on paver folding. Wiener, a teacher in a German 
Nolytechnie sciool, showed how to construct regular convex polyhedra 
by paver foldine (2). Row, a matiematician of India, wrote a book 1n 
wnich he gave a more complete treatment of oaper folding (14). Thais 
work was translated by “Weman and Smith aon 1901 and the book became 
readily avatlable in this country. 

In 1905 another book, entitled First Pook of Geometry, appeared 
which used paper folding. The authors Grace C. Young and W. H. Young, 
feeline tuat Row’ s book was too advanced for children and too puerile 
for adults, wrote their book to meet the needs of children. In 1908 it 
was translated into German under the title Der Kleine Geometer (20). 
The book 1s designed to give instruction to young children in funda- 
mental uwdeas of plane and solid geometry. No particular anparatus 1s 
needed for the constructions chosen and these constructions can be 
made and understood by children four and five years of age. Resides 
the usual fundamental constructions of geometry, other constructions are 
given in the book to develop understanding of the concept of onequality, 
regular polygons, oarallel lines and planes, and the theorem of 
Pythagoras. 

As shown by Yates (19) with properly chosen postulates, all con- 
structtons of plane geometry that can be carried out with a strateht- 
edze and compasses can be executed by paper folding. 
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Vatch Stuck Geometry 


Match stick zeometry, devised by Dawson (5) in 1939, uses 
sole tool a finite suoply of match sticks of equal leneth. 


Zeometry uechose four postulates: 


(1) A straicht line may be laird to pass tirouch a 
fiven point, or with one extremity on a eiven 
point. 


\ line may be laid to pass throush two Lven 
ponts or with one extremity at one silven 
potnt and passing through a second point, 

it tue two points may not be such as lie in 


a viven line or laid line. 


A line may be laid wita one extremity at 


given point and its other extremity on: 
etven line. 


Iwo lines may be latd simultaneous], 

the sides of an 1sosceles triancle, two of 
thelr extremities cotneidine and the other 
two being given points. 


Two lemmas and an assumption comolete the geometry. The lemmas 
\ eiven line of a leneth less than, equal to. or greater 
length of a match stick can be bisected; a line can be laid 
a given point and parallel to a e1ven line. Since’a cirele can 
drawn, 1t 1s assumed that a circle is determined wien its center and 
a 00int on the circumference are given. 

The construction of a hal f hexagon is ciaracteristic of the opver- 
ations of this geometry. The emalateral triancle ABC 1s constructed 
st1de BC the equilateral trianele KC) 1s constructed witu distinct 
from A. On side MB the equilateral triangle DBF is constructed ti 
form tne half hexagon ACME. Thus AB 1s extended in a strait line so 
that AE 248. this construction also m1ves a way of constructine a 
line parallel to a geiven line, for Cis 1s parallel to AB 

Under the postulates and the assumptions stated above, 1t 1s pos- 
stble to verform al! constructions which are possible with a stratgit - 


edve and compasses. 
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PROBLEMS AND QUESTIONS 
Edited by 
Robert FE. Horton, Los Anzeles City Colleve 


teaders of this department are invited to sulmit for solution probleme 
believed to be new anc subject matter questions that mav arise in study, 
in research, or in extra-academic situations. Proposals should le 
accompanied by solutions, when available, an’ by anv information that 
will assist the editor. Crdinarily, problems in well-lknown texthool 
should not be submitted. 

Solutions should be sulmitted on separate, Sicene sheets. Fivures 


should be draw in India ink tt! size desired for renroduction. 

Send all communications for this department to Robert F. Horton, Los 
Angeles City College, 855 N. Vermont Ave., Los Angeles 29, California. 
PROPOSALS 
264. Proposed Anning, Alhambra, California. 

Four points are thrown at random on a plane Viiat us 


that will be tine vertices of a convex quadrilateral? 


Proposed by Steplien Armstrong, College Schenectady, 


Waat as the volume of revolution of the ellipse 


revol ved apout tue line x y? 


266. Proposed 5y Iluseyin Demir, Zonguldak, Turkey. 


If V and V' are voints inverse to each other with respect 
circumcircle of a triangle ABC, tnen prove that: 


CMA 


267. Proposed by Alan Mayne, Cooper Inion School of tngineeriny, York. 


Tf <r tiat 


263. Proposed hy J. Clawson, Collezeville, Pennsylvania, 


Three coaxal circles, centers atA, Bb and P have the common points 
C and I. Any strargit line 1s drawn through C cutting the circles 
again tn the voints L, VY and V resvectively. Prove tiat the ratio 
equals the ratio 


269. Proposed sy V. S. Klamkin, Polytechnic Institute of Brooklyn. 


Find the sum 


x \ 
+ 
a” 4 
224A 
4 
Z AvK + 2 
m 
— + + —— +— n 
wma 
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270. Proposed by Leon Rankoft, Los Angeles, California. 


\ maximum circle 1s inscribed 1n a crescent formed hy 
and a madrant of a cirele. kind a veneral ex»ression for radii 
consecutively tancent circles touchine the sides of the ba 


first 


first toncining m eircle, che second touching 


SO 
SOLUTIONS 
Late solutions 


239. 231, 232, 234 (partially ) 


235 Hire nara 
of ‘alaya, Stungapore. 


fniversity 


iulcrone, St. Charles Collexze, 


Irrationality of V3 


Proposed hy “ullian 


(:ramud Coteau, Loursvana. 


Fnelid prove 
ratio of intevers. 
infinite descent, s! 


the ratio of intevers 


Solution by the proposer. SPO as a 30 


rigit triangle wath / 
bisector of LSPQ, 


and RT perpendicular to PS. Then we 
PS PT PO 


OS — RS 


Hence af tan 30° 


Is the ratio of integers, 
smaller triangle in which tan 


we Can vet 


a bo. also the ratio of intevers 


Put af to the members of tue , egiation we add the members of thie 
inequality a <t we vet a whence < 1/3 a 
It follows that a, us less than a "and so it cannot be an antever 


for all values of n. This contradiction shows that a,/b, could not 
have been tue ratio of integers. 


le 
> 
and 
243. September 1955! fianson, Jufts Collece. 
] that the secant of 45° cannot be expressed as 
tie Sli thas method of proot, the angle 
and ow that the tangent of 3 cannot oe expressed 
} Q 
1. 
on tne 
a ST 
n R= 
bh = AT = OR S 287 a ,- 2a 
n n-1 n 


294 MATHEMATICS MAGAZINE 


II. Solution by Richard , Guy, (niversity of Vaiaya, Singapore. The 


followins method does not use bisection of the angle, however it does 
use infinite descent and 1s essentially equivalent to the proof of the 
irrationality of v2 found in Hardy. Pure “'athematics, Sth Fd.. i933, 
6 a" 
Let ABC be a 30°, 60° racht triangle with = 30°. Angles of 45° 
and 50° are also constructed on BA at A whose sides meet BC produced 
and E, The pervendicular to at D meets at F. It is easily 
shown that 1f AB = and then DF = Ci) = a and Dk 3b a, 
Ihus 1f tan 30° = then also tan 30° = ————. The triangle 
¥3 a «= 
“DF 1s smaller than ABC, yet has commensurable sides 1f ABC sas. 
Repetition of this construction leads to the recuired contradiction. 
Norman Annine pointed out that this problem appears on p. 175 


of %. K. Ransom’ s book WU Mathematical Curiosities, 1955, Published 
by J. W. Walch, Portland, “Maine. 


Equivalence of Sums 


244. [September 1955] Proposed by °.A.Piza, San Juan, Puerto Kico. 


Take any nine consecutive positive integers and find among then 
(with only three duplications) two sets of six intecers suci tiiat 
their sums, the sums of the sauares and the sums of their cubes are 
equal. 

Solution by H. R. Leifer, Pittsburgh, Pennsylvania. 
special case of the Tarry-Fscott oroblem. If a,, 
... b. represents two sets of integers equal in number suca that the 
integers 1n each set have the same sum, the same sum of squares, ete. 
up to and including tue same sum of the kth powers, then 


Where A us any arbitrary number. 

Let @5,44,...@g represent the nine consecutive positive integers.To 

meet tiie conditions of the problem a, should be included in one of the 
initial sets and suitable h’s should be selected so that no integer 
exceeding ag occurs in the final set. Qo, 324 then a,,@.,,@3, 


2 = 9 
h = 2 and a, 9195 05.4); h 3 


1s the desired solution. 
(Use of alternate 1nitial sets and otherh’s will] vive tiie sane solution) 


Also solved by Richard *. Guy, University of \alaya, Siny:apore; 
Chih-yu. Yang, University of Vinnesota and the proposer. 


PROBLEMS AND QUESTICNS 


Direct tntegration 


245. September 1955! Proposed by Chih-yt Wanyp, University of Vinnesota. 
a7 
Fvaluate ¥Vtan x dx without ustie aperoximation methods. 
Solution hy C.F. Pinzka, Princeton, Vew Jersey. Letting y 


the given integral becomes 


log ( 


Remark: In a sense this 1s stil] not the solution required, since 
7 and loge (v2 - 1) mst still be evaluated approximately. One could 


yugt as well nave given a name suca as Ueh( x) to the series re- 


4 


sniting from direct integration of 


{liso solved by PFC Billy J. Boyer, Vurphy Army 4Yospital, Waltham, 
Vassachusetts; Huseyin Vemir, Zonguldak, Turkey; Feldman, “ash- 
ington University, St. Louis, “issourr; Richard h. Guy, University 
of Malaya, Singapore; Katth 4. Karam, (niversity of Florida; Joseph 
D. k. Konhauser, State College, Pennsylvania; Walter i). Lambert 
Canaan, Connecticut; Carman Fk. Viller, University of Saskatchewan, 
Lawrence Ringenberg, kastern Illinois State College; Hazel 
Wilson, Jacksonville State Teachers College, Alabama and the proposer. 


Naclaurin’ s Expansion 


fo 
246. [September 1955] Proposed by A.S.Grecory, University vf 'limors. 


by 


Let a function be defined h f(x) - ax = sin (a flx) + 5x) with 

Q<a 1. Fxoand f(x) in a Maclaurin’s Series. 
Solution by Chih-yt Wang, University cf “Minnesota, Let w=afla)+ 5. 

2 ° 
the civen function is transformed, by aid of + 5 1 into 

F(x,w) = 0, where 


F(x, w) 


1955) 225 
f y y 
l+y* 2 y?-/2 y+] V2y 
] = ] /2y 1 
lox + = tn 
y*+V¥2y +1 v2 l- 
] ~ 
- 
J/9 
= «bw + Sin 
3 5 7 9 
au aw aw aw 
(1) x - (b - a) w — + — - — + — - *** 
3! 5! 7! Qt 
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Since F(0,0) = 0, F (0,0) = -(b - a) 7 9, and 

lany coeticient of w in F(x,w)| < 1, 
1t 1s wel] known that tne “Maclaurin’s series of w, hence f(x), exists 
and reoresents an analytic function in the neighborhood of x = 0. The 


majorant series of w(x) is 


- x)? (1 = 92)4] 


+ + +... (1), and equatinz 


a), 


Py substituting w 
the coefficients of x successively we obtain e, 


-a/3'(b - a)*, Cy 0), Cs a(9a + 5)/5'(5 a) 


~a(295a? + 54ab + - c, = 0, 
Co a( 11025 4131 a% +242 - a)! 
Hence, by aid of a* + b? 


(9a + b)aX (295 a* + 54 ab + 


5b a)’ 


(11025 a? + 4131 + 243 ad? + 


Note that the method of undetermined coetficrents can be adplied to 
the following well known more general problem: 


Let the following relation be given 


x 


F(z, w) >: = 


such that <M. h, k 
= 
0 to the following form 


Then we can expand win tue netchvwrhood of z- 


which represents an analytic function, whose majorant series 1S 
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hta a? 
f(x) 
b-a 
9b - 
wiere 
k=0 
u + +... 


PROBLEMS AND QUFSTLONS 


fie blem 1s a very svecial case of the cenera 


liso solved by iichard b.Guy, of Valaya, 


, 


A Greatest Integer Function 


247. Seotember 1955! Proposed by Jultan I braun, White 
(,round, Vew Veaico. 


Pednuee f(n) 3 to tue fom 
k=4 


a vol vi x3 denotes t 


untever less thi 


I. Solutton the proposer. 


om reed 


Now let f(n) on + Then 


= tin) 


f(n + 4) - f(n) 12 an‘ (48a + 8b)n + Sta + 156 + 
12a = 9/2; a . 4 > b= 9/65. 
+ 19b + 4e V4. There fore 

f(n) = [(3/15)n (2 3n - 4) + dl. We find 

f(0) = 0 = +d}, £(2) 


12 [907 wience 0 < d < 1/15, 


The simlest form for g(n) 1s obtained by setting d 


1 pro 


len 


Stngapore. 


Sands l’roving 


wie re 


ne Teatest 


te 


1955) 297 
= = 2) 72 { C1 4 26) *z ] 
07+ VW) 

u=n-((e- 10/3), 15 
Or emial to x. 

4 
= 7 l 
t=! 
| 
4+d), 
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Il. Heuristic treatment by Richard K. Guy, University of Valaya, 
Singapore. To develop a formula for g(n) we calculate tne first few 
values, tabulate, then find the first, second and third diferences. 
The third diiferences recur and average 9/4. The leading term is. there- 
fore 9 /4-n?/6 or 3/8n?, This can be obtained by observing that tne 
sum 1s three times the number of points in three dimensional soace 
with iuntegral coordinates inside a tetrahedron whose verpendicular 
edzes are about n, n, (3n)/4. That is: 


3-1/3 n2*3n/4 = 3/8n?, 


Next calculate tie diterence between the actual values and 3n?/8. 
These have their second di ferences recurring and averazing 9,8. This 
gives a second term of 9/8+ n?2/2 =(9n2) 15. Continuing in tuts 
fashion the third term 1s -3n/4 and the fourth term 1s 0, -3/15, 
-3/4 or -15/15 according as n= 0, 1, 2, 3 (mod 4). These all lie 
between zero and -] so the result x(n) = (3n)/15 + 3n - 4) follows. 


Also solved by Chith-yt Wang, [niversity of ‘unnesota. 


Collinear Points 
248. [September 1955] Proposed by Huseyin Demir, Zonguldak, Turkey. 


Let , and r, be two plane curves. Let t be a variable line inter- 
secting these curves at the points Wi, where the tanvents t, and 
t, to the curves are paralle] to eaci: other. Prove that the centers of 
curvature C, and (, of , and i at v, and 4, are collinear with the 
Characteristic point C of the straight line t. 


Solutton by the proposer. Considering tie new position t’ of ¢t 
very close to t, we save '/sin A6 =C'W where 7," is 
close to 4, on ly, and Ag = (t,t'); tne angle between t and t’. 


Infinitesimal ly 


ds = O,/sin uy, = (t,t) +7 
ds,/d6 = M,/sin u,=(t,t,) +7 


Having sin &, = sin Us, as ty 1s darallel to t, we get 


ds, = ds 
which in turn yields 


(ds , = (ds, 


R,/CM, = R,/CW, 
where dais tie infinitesimal angle relative to the parallel normals 
at Mi." >, and R,,R, tue corresponding radii of curvature. The last 


ecuality proves tle statement. 


Also solved by Kichard K. Guy, University of valaya, Singapore 
and Chith-yt Wang, lIniversity of Winnesota. 


_ 

Lee. 


PROBLEMS AND QUESTIONS 


A Polynomial of Degree 


249. [September 1955] Proposed 5y avid Sayre, [hil Corp., New York. 


The zeros of a polynomial P(2z), of degree n*, all Jie on the unit 


circle and are emressable as exp t(a, - a,) with 7, k = 1,2,3,...n.The 
a’s are a set of n unknown real numbers. What can be said abont the 
coefficients of the pol ynomial? 

Solution by Chih-y. Yang, Iniversity of Vinnesota. Let be 
written in the followine form: 

P(2)= + (are, |, K #0 

Then we can say that all C, are real symmetric functions of a’s 


furthermore C ,=1, C,=C , forr= 1, 2, ..., n*-1, for P(z) 
n n - 
can also be written in the factored form: 


P(z) = K(z - 1)" ((z2+ 1) - 22 cos (a. - a,)) 
s>t s t 


where s runs from 2 to n¢ and t runs from 1 to n* - 1. The last 
property of C. mentioned above follows from the fact the P(z) as 


a reciprocal ecuation, 
Also solved by Richard K. Guy, lniversity of ‘alaya, Singanore. 


Guy pointed out that the coefficients could be expressed in the 
following form: 
For n=] : } 
n=2 : (2-1)? [x2 2x cos (a, - a,) + 1) 


and in general 


(zs 1) ~ 29% (a; - a ;) + 


>) 


QUICKIES 


From time to time this department will publish problems which mav be 
solved by laborious methods, tut which with the proper insicht mav be dis- 
posed of with dispatch. Readers are urged to submit their favorite problems 
of this type, together with the elegant solution and source, if !nown. 


Q 165. The rectangular axes x and vy are rotated throug, an angle a, 
d*) 
If tie new axes are designated as X and Y, find — and —> 1n terms 
dX 
dy d‘y 


of — and [Sudmitted by Henry F. 
dx dx 


Q 166. Can the sum of the cubes of the first m consecutive integers 
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equal the sum of the cnbes of tue next nm consecutive ite vers? 


[Submitted by Huseyin Demur. | 


Q 167. Prove that 1 + 1/3 + 1/5 + for n > 1 can never 


be an intecer. [Submitted by S. Ala 


Q 168. Fvaluate the determinant 


LSudmitted by Selty Starr). 


Q 169. Show that 1f u,v) are odd and p 
p 
(u~ 
(ov 1), 


(Submitted by Hichurd ©. Bartell. | 


ANSKERS 


je 


0D SOD + 
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A; 
‘ 


a” + ab + de ac +df 
‘ 1 + de bi +e nc + ef 
ac + af be + ef + 
tren 
anc interer 
n) 
, 
MP 
xp 
¢ AD Z 
[ LP 
xP \p 
xn 
AP 
xp 
wis 
Ap \7 
xp 
3] ‘SOT ¥ 


PROBLETS AND CUESTIONS 


1b ao S [Telos 


‘ppo aie aout J aA SUTBQUOD 


“Gol 


"O19Z SU OTM 


( P 
Ip JO vIeIWWS si st “gor 


a lv] pue jeasequt sty wns VUES SY “LOTY 


(I + wy(ut wy = CA (I 
[ ( [+u+w + 


+ t 


TRICKIES 


A trickie is a protlem whose solution depends upon the perception 
of thekey word, phrase gridea rather than upon a mathematical routine. 
Send us your favorite trichies. 


T 28. Given a standard 8 x 8 chess board. Remove the two diagonally 
opposite scuares. Can this altered board be covered by 31 tiles, each 
tile of dimension | x 2 squares, without gap or overlap? 


Submitted R.F. Benton! 
T 22. Solve tiie simultaneous system 


cos A cos B + sin 4 sin B sin € = ] 
sin A + sinB = 


1+B+C = 180 [Submitted by V.S.Klamkin|] 


1959) 31 
“(1 ayy [OF 
luz? ~ wz” (ut?) + (w") 
+ 1) 4 (on 
4 
a 
| - sd c/t * ¢/1 I 
+ os 
+ ) wie 1Z Io 
4 ug!) 
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T 23. In France durine the war when tobacco was scarce, 1t was cus- 
tomary to save civarette butts and roll new cigarettes ont of their 
tobacco. If one cigarette can be rolled from three dutts, what 1s the 
total number of cigarettes one can ret from an ordinary pack of 20? 


[Submitted by Paul Johnson. ! 


SOLUTIONS 
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The technology of guided missiles is literally a 
new domain. No field of science offers greater scope for 
creative achievement. 
The increasingly complex problems associated with missile 
systems research and development are creating new 
positions in the following areas for Mathematicians possessing 
exceptional ability: 

@ Guided Missile Systems 

@ Nuclear Physics 

@ Computer Research and Development 

@ Engineering Management Problems 


MISSILE SYSTEMS DIVISION 
research and engineering staff 
LOCKHEED AIRCRAFT CORPORATION 


VAN NUYS, CALIFORNIA 


Inquiries are invited 
from those interested 
in personal development 
in an appropriate 
scientific environment. 


